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Abstract . W e �rst extend Hop�eld net w orks to cluster-

ing bipartite graphs (w ords-to-do cumen t asso ciation) and

sho w that the solution is the principal comp onen t analy-

sis. W e then generalize this via the min-ma x clustering

principle in to a self-aggregation net w orks whic h are com-

p osed of scaled PCA comp onen ts via Hebb rule. Cluster-

ing amoun ts to an up dating pro cess where connections

b et w een di�eren t clusters are automatically suppressed

while connections within same clusters are enhanced. This

framew ork com bines dimension reduction with clustering

via neural net w orks and PCA. Self-aggregation net w orks

can also impro v e information retriev al p erformance. Ap-

plications are presen ted.

1 In tro duction

Clustering do cumen ts[11 ] is a c hallenging problem b ecause

of the v ery high dimensionalit y; in v ector space mo del,

the dimensionalit y is the size of v o cabulary . In recen t

y ears, dimension reduction tec hniques suc h as principal

comp onen t analysis (PCA) (whic h is also called Laten t

seman tic indexing (LSI)[2]) are p opularly used to pro ject

the do cumen ts in to the lo w-dimensional space.

F eedforw ard net w orks[1] via bac kpropagation has b een

widely used for classi�cation tasks suc h as text categoriza-

tion [20 ]. Although Hop�eld asso ciativ e-memory net w orks[10]

is not suitable for classi�cation, it has the 
exibilit y to

b e adopted for solving com binatorial problems[9 ] suc h as

tra v eling saleman problem, graph partitioning, etc.

In this pap er, w e explore the relationship b et w een data

clustering and dimension reduction via the neural net-

w orks connection. W e sho w that using Hop�eld net w orks

to cluster the bipartite graph (w ord-do cumen t asso ciation

matrix), PCA is the solution. This pro vides justi�cation

for clustering using PCA (see x 2).

By appropriately mo difying the clustering ob jectiv e

function according to a min-m ax clustering principle, w e

obtain a min-max cut clustering algorithm whose equa-

tions are essen tially rescaling of those for PCA (see x 3).

Using scaled PCA comp onen ts w e can construct self-

aggregation net w orks whic h ha v e the unique prop ert y of

cluster self-aggregation: connections b et w een di�eren t clus-

ters are automatically suppressed while connections within

same clusters are enhanced. An indepth analysis of self-

aggregation (SA) net w orks are pro vided (see x 4).

W e use SA net w orks for do cumen t retriev al and ob-

tained impro v ed retriev al precision. W e also use SA net-

w orks for clustering do cumen ts and w ords sim ultaneously ,

and obtain substan tially b etter results than the K-means

metho d (see x 5).

2 Hop�eld net w orks for clustering

do cumen ts

In the rectangular m � n term-do cumen t asso ciation ma-

trix B = ( b

ij

), eac h ro w represen ts a w ord and is denoted

b y an r-no de in a w eigh ted bipartite graph sho wn in Fig.1.

Eac h column represen ts a do cumen t and is denoted b y a

c-no de. Elemen t b

ij

in the matrix represen ts the coun ts of

co-o ccurrence of ro w ob ject r

i

and column ob ject c

j

, and

is represen ted b y a w eigh ted edge b et w een r

i

and c

j

.

r1

c5 c6c4c3c2c1

r3r2 r4 r5 r6 r7

R2R1

C1 C2

Figure 1: A bipartite graph with r-no des and c-no des. The

dashed line indicates a p ossible partitioning.

Hop�eld net w orks can b e used to partition an stan-

dard undirected graph [9 ]. In this section, w e extend Hop-

�eld net w orks for partition bipartite graph, and sho w that

the relaxed v ersion of the Hop�eld net w orks for bipartite

graphs is precisely the Laten t Seman tic Indexing.
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W e wish to partition the r -t yp e no des of R in to t w o

parts R

1

; R

2

and sim ultaneously partition the c -t yp e no des

of C in to t w o parts C

1

; C

2

, based on the clustering prin-

ciple of minim izing b et w een-cluster asso ciation and max-

imizing within-cluster asso ciation (see Fig.1). W e use in-

dicator v ector f to determine ho w to split R in to R

1

; R

2

:

f ( i ) =

�

1 if r

i

2 R

1

� 1 if r

i

2 R

2

(1)

and use g to determine ho w to split C in to C

1

; C

2

:

g ( i ) =

�

1 if c

i

2 C

1

� 1 if c

i

2 C

2

(2)

(F or presen tation purp ose, w e index the no des suc h that

no des within same cluster are indexed con tiguously . The

clustering algorithms presen ted are indep enden t to this

assumption. Bold face lo w er case letters are v ectors. Ma-

trices are denoted b y upp er case letters.) Th us w e ma y

write

f =

�

f

(+)

f

( � )

�

; g =

�

g

(+)

g

( � )

�

(3)

With this indexing, the asso ciation matrix is

B =

�

B

R

1

;C

1

B

R

1

;C

2

B

R

2

;C

1

B

R

2

;C

2

�

(4)

It is con v enien t to con v ert the bipartite graph in to an undi-

rected graph. W e follo w standard pro cedure and com bine

the t w o t yp es no des to one b y setting

q =

�

f

g

�

; W =

�

0 B

B

T

0

�

; (5)

This induces an undirected graph G , whose adjacency ma-

trix is the symmetric w eigh t matrix W .

Consider the follo wing ob jectiv e function,

J

cut

( C

1

; C

2

; R

1

; R

2

) =

1

2

q

T

W q (6)

= s ( B

R

1

;C

1

) + s ( B

R

2

;C

2

) � s ( B

R

1

;C

2

) � s ( B

R

2

;C

1

)

where

s ( B

R

1

;C

2

) � s ( R

1

; C

2

) �

X

r

i

2 R

1

;c

j

2 C

2

b

ij

;

and s ( B

R

2

;C

1

) ; s ( B

R

1

;C

1

) ; s ( B

R

2

;C

2

) are similarly de�ned.

s ( B

R

1

;C

1

) is the asso ciation within cluster 1 (see Fig.1),

and w e call it the self-asso ciation. s ( B

R

2

;C

2

) is the self-

asso ciation of cluster 2. s ( B

R

1

;C

2

) and s ( B

R

2

;C

1

) are the

o v erlaps b et w een di�eren t clusters.

W e prop ose a min-max clustering principle : data p oin ts

are group ed in to clusters suc h that the o v erlaps s ( B

R

1

;C

2

),

s ( B

R

2

;C

1

) b et w een di�eren t clusters are minimi zed while

cluster self-similarities ( B

R

1

;C

1

) ; s ( B

R

2

;C

2

) are maximi zed[5 ].

Maximizing s ( B

R

1

;C

1

)+ s ( B

R

2

;C

2

) while minim izing s ( B

R

1

;C

2

)

+ s ( B

R

2

;C

1

) is equiv alen t to maximi zing the ob jectiv e func-

tion J

cut

( q ).

Using Hop�eld net w ork [10 , 9], the solution is obtained

b y the up date rule

q

( t +1)

( i ) = sgn[

X

j

w

ij

q

( t )

( j )] :

where q

( t )

is the v alue of q at t -th up date. This equa-

tion can b e written in v ector form q

( t +1)

= sgn [ W q

( t )

] :

One can v erify that J

cut

( q ) monotonically decreases in

this up date.

If one relaxes q ( i ) from discrete indicators to con tin u-

ous v alues in ( � 1 ; 1), the solution q satis�es

W q = � q : (7)

No w utilizing the explicit structures of W and q , w e ha v e

�

0 B

B

T

0

� �

f

g

�

= �

�

f

g

�

: (8)

whic h is iden tical to

B g = � f ; B

T

f = � g : (9)

The solutions to these t w o equations are the singular v alue

decomp osition (SVD) of B . T o see clearly , up on substitu-

tions, w e ha v e

( B B

T

) f = �

2

f ; ( B

T

B ) g = �

2

g : (10)

This v eri�es that f f

i

g are left singular v ectors and f g

i

g

are righ t singular v ectors of the SVD of B :

B =

m

X

k =1

f

k

�

k

g

T

k

= F

m

�

m

G

T

m

: (11)

W e summarize these results in

Theorem 1 . Using Hop�eld net w orks to maxim ize the

ob jectiv e function J

cut

( q ) of Eq.(6), the solutions for clus-

tering indicators are giv en b y SVD of B .

Sev eral further results can b e obtained. First, note

that SVD of B are precisely the L atent Semantic Indexing

[2 ]. Th us w e conclude that Hop�eld net w orks for cluster-

ing leads to LSI. The partitioning indicator v ectors are the

LSI index v ectors.

Second, b ecause s ( B

R

1

;C

1

) + s ( B

R

2

;C

2

) + s ( B

R

1

;C

2

) +

s ( B

R

2

;C

1

) =

P

ij

b

ij

� s is a constan t for a giv en asso cia-

tion matrix B , w e ha v e J

cut

= s � 2[ s ( B

R

1

;C

2

) + s ( B

R

2

;C

1

)] :

Therefore, maxim izing J

cut

( q ) is equiv alen t to minimi zing
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s ( B

R

1

;C

2

) + s ( B

R

2

;C

1

) alone. In graph theory , s ( B

R

1

;C

2

) +

s ( B

R

2

;C

1

) is the sum of w eigh ts on the edges b eing cut, and

is called cutsize. Therefore, PCA is equiv alen t to MinCut

in graph theory . It is w ell kno wn that MinCut often leads

to sk ew ed cuts. This im balance will b e addressed in x 3.

Thirdly , all these are connected to K-means clustering.

Consider the K-means squared error ob jectiv e function,

J

Kmeans

=

K

X

k =1

X

x

i

2 c

k

jj x

i

� c

k

jj

2

=

K

X

k =1

X

x

i

; x

j

2 c

k

jj x

i

� x

j

jj

2

n

k

(12)

'

1

�n

k

K

X

k =1

X

x

i

; x

j

2 c

k

jj x

i

� x

j

jj

2

(13)

=

1

�n

k

2

4

X

ij

jj x

i

� x

j

jj

2

�

X

p 6= q

X

x

i

2 c

p

X

x

j

2 c

q

jj x

i

� x

j

jj

2

3

5

(14)

where x

j

is the j -th do cumen t: B = ( x

1

; � � � ; x

2

); c

k

; n

k

are the cen troid and size of k -th cluster, and �n

k

is a

suitable constan t represen ts appro ximately the n um b er of

p oin ts in a cluster on a v erage. In Eq.(14), the �rst term

is a constan t, and the second term is the sum of distances

b et w een do cumen ts in di�eren t clusters, whic h is analo-

gous to o v erlapping asso ciation b et w een di�eren t clusters,

s ( B

R

1

;C

2

) + s ( B

R

2

;C

1

). Therefore, Hop�eld net w ork (and

PCA) has a nice connection to the K-means clustering:

one minim izes the b et w een-cluster asso ciations (similari-

ties) whereas the other maximi zes the b et w een-cluster dis-

tances (di-simila rities).

All results in this section for bipartite graphs can b e

imm ediately extended to an undirected graph, G ( A ), with

adjacency matrix A . The clustering ob jectiv e function

Eq.6 b ecomes

J

cut

( C

1

; C

2

) = s ( A

C

1

;C

1

) + s ( A

C

2

;C

2

) � 2 s ( A

C

1

;C

2

) (15)

where s ( A

C

1

;C

2

) is de�ned similar to s ( B

R

1

;C

2

). The clus-

tering indicators g of Eq.2 via the Hop�eld net w ork are

giv en b y the eigen v ector of A g = � g :

3 MinMaxCut

Appro ximately sp eaking, the ab o v e Hop�eld net w ork of

maxim i zing Eq.6 is equiv elan t to

min

s ( B

R

1

;C

2

) + s ( B

R

2

;C

1

)

s ( B

R

1

;C

1

) + s ( B

R

2

;C

2

)

: (16)

Maximization of s ( B

R

1

;C

1

) + s ( B

R

2

;C

2

) do es not guar-

ren tee the balance of the t w o terms; in fact it often hap-

p ens that s ( B

R

1

;C

1

) � s ( B

R

2

;C

2

) or s ( B

R

1

;C

1

) � s ( B

R

2

;C

2

) :

T o prev en t this im balance of cluster self-asso ciations, w e

add a cluster balance condition in the min-max clustering

principle that s ( B

R

1

;C

1

) ; s ( B

R

2

;C

2

) are maxim ized individ-

ual ly while o v erlap asso ciations s ( B

R

1

;C

2

) + s ( B

R

2

;C

1

) are

minim i zed. This leads to the MinMaxCut ob jectiv e

J

MMC

( C

1

; C

2

; R

1

; R

2

) =

s ( B

R

1

;C

2

) + s ( B

R

2

;C

1

)

2 s ( B

R

1

;C

1

)

+

s ( B

R

1

;C

2

) + s ( B

R

2

;C

1

)

2 s ( B

R

2

;C

2

)

(17)

in con trast to J

cut

in Eq.(6).

T o �nd an e�cien t algorithm to compute the optimal

solution according to J

MMC

( C

1

; C

2

; R

1

; R

2

) w e pro ceed as

follo w. First, w e write the w eigh t matrix W explicitly ,

W =

0

B

B

@

0 0 B

R

1

;C

1

B

R

1

;C

2

0 0 B

R

2

;C

1

B

R

2

;C

2

B

T

R

1

;C

1

B

T

R

2

;C

1

0 0

B

T

R

1

;C

2

B

T

R

2

;C

2

0 0

1

C

C

A

(18)

No w w e re-order the indices of the no des,

q =

0

B

@

f

(+)

f

( � )

g

(+)

g

( � )

1

C

A

) q =

0

B

@

f

(+)

g

(+)

f

( � )

g

( � )

1

C

A

;

i.e., no des with Cluster 1 are indexed con tiguously irre-

sp ect w ether they are r-no des or c-no des. With this re-

ordering, W b ecomes[22 ]

W =

0

B

@

0 B

R

1

;C

1

0 B

R

1

;C

2

B

T

R

1

;C

1

0 B

T

R

2

;C

1

0

0 B

R

2

;C

1

0 B

R

2

;C

2

B

T

R

1

;C

2

0 B

T

R

2

;C

2

0

1

C

A

(19)

This can b e view ed as an undirected graph, with adjacency

matrix

W =

�

W

11

W

12

W

21

W

22

�

: (20)

F rom this, Eq.(17) can b e written as

J

MMC

=

s ( W

12

)

s ( W

11

)

+

s ( W

12

)

s ( W

22

)

: (21)

Eq.(21) is the min-max cut ob jectiv e function for undi-

rected graph [5 ]. One can sho w that

min

q

J

MMC

( q ) ) min

q

q

T

( D � W ) q

q

T

D q

; (22)

sub ject to q

T

W e = q

T

D e = 0, where D = ( d

i

) is a

diagonal matrix and d

i

=

P

j

w

ij

is the degree of no de i

and e = (1 ; � � � ; 1)

T

. W e relax q ( i ) from discrete indicators
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to real v alues in ( � 1 ; 1). The solution of q for minimi zing

the Ra yleigh quotien t of Eq.(22) is giv en b y ( D � W ) q =

�D q ; whic h can b e written as

W q = � D q ; � = 1 � �: (23)

F or con v enience, w e de�ne z = D

1 = 2

q ; and write Eq.(24)

as a standard eigen v alue problem:

c

W z = ( D

� 1 = 2

W D

� 1 = 2

) z = � z : (24)

Finally , coming bac k to the bipartite graph, w e ha v e

D =

�

D

r

0

0 D

c

�

; z =

�

u

v

�

=

�

D

1 = 2

r

f

D

1 = 2

c

g

�

: (25)

Substituting in to Eq.(24), w e ha v e

�

0

b

B

b

B

T

0

� �

u

v

�

= �

�

u

v

�

; (26)

where

b

B = D

� 1 = 2

r

B D

� 1 = 2

c

: (27)

The solutions to Eq.(26) are SVD of

b

B (that SVD is the

solution to Eq.24 for bipartite graph is noted earlier[22 ,

3 ].) W e emphasize that Eq.(26) is iden tical Eq.(8), with

the corresp ondence relationship

B )

b

B ;

�

f

g

�

)

�

u

v

�

: (28)

(see also the similarit y b et w een Eq.(23) and Eq.(7).) There-

fore, the net e�ect of MinMaxCut of Eq.(17) o v er the sim-

ple MinCut ob jectiv e Eq.(6) or Eq.(16) is the scaling of

the asso ciation matrix B in Eq.(27). Ho w ev er, with this

scaling, the self-aggregation prop ert y emerges.

4 Self-Aggregation Net w orks

Just as the Hop�eld net w orks is the solution to Mincut

ob jectiv e, w e prop ose the self-aggregation net w orks as the

K-w a y clustering solution to MinMax Cut.

W e in tro duce nonlinear scaling factors, diagonal ma-

trices D

r

(eac h elemen t is the sum of a ro w, see Eq.25)

and D

c

(eac h elemen t is the sum of a column). Let B =

D

1 = 2

r

b

B D

1 = 2

c

, where

b

B is de�ned in Eq.(27). Applying SVD

on

b

B , w e obtain

B = D

1 = 2

r

(

m

X

k

u

k

�

k

v

T

k

) D

1 = 2

c

= D

r

m

X

k

f

k

�

k

g

T

k

D

c

: (29)

W e call f

k

= D

� 1 = 2

r

u

k

and g

k

= D

� 1 = 2

c

v

k

sc ale d PCA com-

p onen ts. In data clustering p ersp ectiv e, they are just the

r elaxe d clustering indicators, see Eq.(25). (W e note that

there are a n um b er of di�eren t approac hes for nonlinear

PCA [7 , 13, 15, 16].)

In Hop�eld net w orks, a pattern f

1

is enco ded in to the

ob jectiv e function as f

1

f

T

1

(the Hebb rule); m ultiple pat-

terns are enco ded additiv ely: f

1

f

T

1

+ � � � + f

k

f

T

k

. In our

problem, a pattern is a cluster partitioning indicator v ec-

tor. Let F

K

= ( f

1

; � � � ; f

K

) ; and G

K

= ( g

1

; � � � ; g

K

) ; and

Q

K

= ( q

1

; � � � ; q

K

) =

�

F

K

G

K

�

: (30)

W e call Q

K

Q

T

K

=

P

K

k =1

q

k

q

T

k

the generalized self-aggregation

(SA) net w ork. F rom the relation,

Q

K

Q

T

K

=

�

F

K

F

T

K

F

K

G

T

K

G

K

F

T

K

G

K

G

T

K

�

: (31)

w e see that F

K

F

T

K

=

P

K

k =1

f

k

f

T

k

is the SA net w ork for ro w

ob jects, G

K

G

T

K

=

P

K

k =1

g

k

g

T

k

is the SA net w ork for col-

umn ob jects, and F

K

G

T

K

=

P

K

k =1

f

k

g

T

k

is the SA net w ork

for ro w-column asso ciations,

The SA net w orks de�ned ab o v e share an imp ortan t fea-

ture: cluster self-aggr e gation . Using neural net w orks lan-

guage, w e call ( F

K

G

T

K

)

ij

the connection (asso ciation) b e-

t w een no des i; j . Self-aggregation amoun ts to an connec-

tion w eigh t up dating pro cess where connections b et w een

di�eren t clusters are automatically suppressed while con-

nections within same clusters are enhanced.

In the follo wing w e pro vide a theoretical analysis and

pro v e this fundamen tal prop ert y for SA net w orks. The

dev elopmen t follo ws a p erturbation analysis framew ork[4 ,

14 , 6] b y decomp osing

c

W in Eq.(24) as

c

W =

c

W

(0)

+

c

W

(1)

where

c

W

(0)

corresp onds to the case where no o v erlap (con-

nection) exists b et w een di�eren t clusters and

c

W

(1)

cor-

resp onds to the case where small o v erlaps exist b et w een

di�eren t clusters.

4.1 W ell separated clusters

In this case, the connections b et w een t w o clusters (edges

cross the cut line in Fig.1) do not exist. In the asso ciation

matrix, this is re
ected b y B

R

p

;C

q

= 0 ; p 6= q [see Eq.(4)].

W e ha v e

Theorem 2 . When o v erlaps among K clusters are zero,

the K scaled PCA comp onen ts q

1

; � � � ; q

K

get the same

maxim um eigen v alue: �

k

= 1 ; k = 1 ; � � � K . Eac h q

k

is

a m ultistep (piecewise-constan t) function (assuming ob-

jects within a cluster are indexed consecutiv ely). In the
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scaled PCA subspaces, ob jects within the same cluster

self-aggregate in to a single p oin t. u

{

The pro of is a few algebraic manipulations. F or sim-

plicit y , w e illustrate the pro of b y pro viding a concrete

K = 3 example. The solutions to Eq.(24) are

x

(1)

=

1

p

2 s

11

2

6

6

6

6

6

6

4

D

1 = 2

r 11

e

r 1

0

0

D

1 = 2

c 11

e

c 1

0

0

3

7

7

7

7

7

7

5

; x

(2)

=

1

p

2 s

22

2

6

6

6

6

6

4

0

D

1 = 2

r 22

e

r 2

0

0

D

1 = 2

c 22

e

c 2

0

3

7

7

7

7

7

5

etc. Here D

r pq

= diag( B

pq

e

r q

) ; ( p; q = 1 ; � � � ; K ), e

r q

= e

with the size of p -th ro w blo c k; D

cpq

= diag( B

pq

e

cq

), e

cq

=

e with the size of p -th column blo c k; and s

pq

= s ( B

R

p

;C

q

).

Note that s

pq

6= s

q p

. Let

X

K

= ( x

(1)

; � � � ; x

( K )

) : (32)

F or an y K -dim v ector y = ( y (1) ; � � � ; y ( K ))

T

,

�

f

g

�

= q = D

� 1 = 2

X

K

y =

2

6

6

6

6

6

6

6

6

4

y (1) e

r 1

= (2 s

11

)

1 = 2

.

.

.

y ( K ) e

r K

= (2 s

K K

)

1 = 2

y (1) e

c 1

= (2 s

11

)

1 = 2

.

.

.

y ( K ) e

c K

= (2 s

KK

)

1 = 2

3

7

7

7

7

7

7

7

7

5

(33)

is an eigen v ector of Eq.(23). No w an y K orthonormal

f y

1

; � � � ; y

K

g leads to K eigen v ectors f q

1

; � � � ; q

K

g � Q

K

.
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Figure 2: Left-top: adjacency matrix of a bipartite graph

of 2 dense clusters (diagonal blo c ks) with random o v erlaps

(o�-diagonal blo c ks). Left-b ottom: F

K

G

T

K

. The o v erlaps

are reduced signi�cately due to self-aggregation. Righ t:

computed q

2

(cycles) and the appro ximation from Theo-

rem 3 (solid line), in original index order (top panel) and

in sorted index order (b ottom panel).

In the space spanned b y F

K

the co ordinate of data ob-

ject i is r

i

= ( f

1

( i ) ; � � � ; f

K

( i ))

T

; F rom Eq.33, data ob jects

within a cluster self-aggregate to (are lo cated at) the same

p oin t. F urthermore, F

K

F

T

K

giv es the clusters for ro w ob-

jects, the w ord clusters (see Fig.3):

F

K

F

T

K

=

2

4

e

r 1

e

T

r 1

= 2 s

11

0 0

0 e

r 2

e

T

r 2

= 2 s

22

0

0 0 e

r 3

e

T

r 3

= 2 s

33

3

5

:

(34)

In the space spanned b y G

K

the co ordinate of data ob-

ject i is r

i

= ( g

1

( i ) ; � � � ; g

K

( i ))

T

; once again, data ob jects

within a cluster are self-aggregate to the same p oin t. F ur-

thermore, G

K

G

T

K

giv es the clusters for column ob jects, i.e,

the do cumen t clusters (see Fig.3):

G

K

G

T

K

=

2

4

e

c 1

e

T

c 1

= 2 s

11

0 0

0 e

c 2

e

T

c 2

= 2 s

22

0

0 0 e

c 3

e

T

c 3

= 2 s

33

3

5

(35)

In b oth SA net w orks F

K

F

T

K

; G

K

G

T

K

, the o v erlap connec-

tions are iden tically zero as exp ected. Ho w ev er, connec-

tions within same clusters are enhanced signi�can tly: ev-

ery pair of t w o ob jects i; j within a cluster acquires the

same connection strength ev en if ob jects i; j ma y not b e

connected in the original asso ciation matrix B .

SA net w ork F

K

G

T

K

giv es the asso ciation b et w een ro w

ob jects and column ob jects. The self-aggregation giv es the

sharp ened ro w-column asso ciations (see Figs.2).

F

K

G

T

K

=

2

4

e

r 1

e

T

c 1

= 2 s

11

0 0

0 e

r 2

e

T

c 2

= 2 s

22

0

0 0 e

r 3

e

T

c 3

= 2 s

33

3

5

(36)

This is useful for do cumen t retriev al (see x 5.1).

4.2 Ov erlapping Clusters

In clustering, the useful case is that clusters o v erlap. Here

w e assume that the o v erlaps are small and pro vide a p er-

turbation analysis. W e ha v e the follo wing results:

Theorem 3 . A t the �rst order, the solutions to Eq.(24)

are the follo wing: the highest K eigen v ectors ha v e the

form

q = D

� 1 = 2

X

K

y ;

where X

K

is giv en in Eq.(32) and y and the eigen v alue �

( � = 1 � � ) satisfy the eigensystem

� y = � y : (37)

� has the form � = 


� 1 = 2

�

� 


� 1 = 2

; where

�

� =

2

6

6

4

h

11

� s

12

� s

21

� � � � s

1 K

� s

K 1

� s

21

� s

12

h

22

� � � � s

2 K

� s

K 2

.

.

.

.

.

. � � �

.

.

.

� s

K 1

� s

1 K

� s

K 2

� s

2 K

� � � h

KK

3

7

7

5

(38)
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where h

k k

=

P

p 6= k

( s

k p

+ s

pk

)

and 
 = diag (2 s

11

; 2 s

22

; � � � ; 2 s

KK

) : u

{

The pro of is bit in v olv ed and will b e omitted here.

This theorem captures sev eral imp ortan t features of SA

net w orks, whic h are em b edded in the solution to Eq.(37).

Note that the K � K matrix � is symmetric semi-p ositiv e

de�nite. Here w e list t w o corollaries:

Corollary 2.1 . F or K = 2, the second lo w est eigen v alue

of � is

�

2

= ( s

12

+ s

21

) = 2 s

11

+ ( s

12

+ s

21

) = 2 s

22

;

whic h is precisely the min-max cut clustering ob jectiv e

J

MMC

in Eq.(17). Therefore, the smaller �

2

, the b etter

qualit y of the resulting clusters. The corresp onding eigen-

v ector is

q

2

= D

� 1 = 2

X

2

y

2

=

r

s

22

2 s

11

2

6

4

e

r 1

0

e

c 1

0

3

7

5

�

r

s

11

2 s

22

2

6

4

0

e

r 2

0

e

c 2

3

7

5

:

Th us w e automatically reco v er the partitioning indicators.

All these indicate SA net w orks is a highly consisten t and

principled framew ork for clustering. The lo w est eigen v ec-

tor is q

1

= (1 ; � � � ; 1). Q

2

= ( q

1

; q

2

) constructed from

these t w o eigen v ectors ha v e the forms giv en in Eqs.(4,4,4).

Corollary 2.2 . The K eigen v ectors Y

K

= ( y

1

; � � � ; y

K

) of

� satisfy Y

T

K

Y

K

= I

K

. The square orthonormal matrix Y

K

is

full rank under general conditions, th us Y

K

Y

T

K

= I

K

. Using

Q

K

= D

� 1 = 2

X

K

Y

K

. and constructing the SA net w orks,

F

K

F

T

K

, G

K

G

T

K

and F

K

G

T

K

, they will ha v e the same blo c k

diagonal structures of Eqs.(4,4,4).

Corollary 2.2 pro vides the theoretical basis for using

F

K

F

T

K

and G

K

G

T

K

for clustering, and F

K

G

T

K

for impro ving

retriev al.

Example . W e apply the ab o v e analysis to a bipartite

graph example with asso ciation matrix sho wn in Fig.2.

The bipartite graph has t w o dense clusters with large o v er-

laps b et w een them. The indicator v ector q

2

computed

directly from Eq.(24) together with that from Theorem

3 are also sho wn in Fig.2. They agree reasonably . The

eigen v alue v alues from Eq.(24) and Theorem 3 also agree

reasonably w ell: �

2

= 0 : 456 ;

~

�

2

= 0 : 477 : F

K

G

T

K

giv es

a sharp ened asso ciation matrix (Fig.2) where the o v erlap

b et w een the t w o clusters are greatly reduced. F

K

F

T

K

and

G

K

G

T

K

computed from Eq.(24) are sho wn in Fig.3. They

are close to the analysis results (Corollary 2.2). F

K

F

T

K

giv es clusters for ro w ob jects (w ords) and G

K

G

T

K

giv es clus-

ters for column ob jects (do cumen ts).

In self-aggregation, data ob jects mo v e to w ards eac h

other guided b y connectivit y , as connection w eigh ts b e-

t w een di�eren t clusters are suppressed and connections
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Figure 3: Left: F

K

F

T

K

for clustering ro w ob jects. Righ t:

G

K

G

T

K

for clustering column ob jects.

within same clusters are enhanced. This is similar to

the self-organizing map [12 ], where feature v ectors self-

organize in to a 2D feature map while data ob jects remain

�xed. In Hop�eld net w ork, features are stored (enco ded)

as asso ciativ e memories, whereas in SA net w orks, connec-

tion w eigh ts are dynamically adjusted to learn the patterns

in an unsup ervised w a y .

5 Applications of SA net w orks

5.1 Do cumen t Retriev al

W e �rst apply SA net w orks to do cumen t retriev al. That

clustering can help retriev al is suggested b y the Clustering

Hyp othesis [17 ]: if a do cumen t x

i

is highly relev an t to a

query q , then do cumen ts v ery similar to x

i

(de�ned b y

cosine similarit y) are lik ely to b e relev an t to the query as

w ell. In man y previous w ork, do cumen ts are �rst clustered

and query is then matc hed to the cluster cen troids[19].

Ho w ev er, the exp erimen tal results so far indicates cluster-

ing had not help ed the retriev al precision [19, 8]. (A re-

cen t di�eren t usage is to cluster the retriev ed do cumen ts

to group them in to di�eren t topics[8].)

SA net w orks presen ts a new approac h to use cluster-

ing for retriev al. Here the cluster structure is em b edded

in F

K

G

T

K

whic h is v ery similar to the original w ord-to-

do cumen t matrix. W e truncate the expansion in Eq.(29)

at K and set �

k

= 1,

B ' D

r

K

X

k =1

f

k

g

T

k

D

c

= D

r

F

K

G

T

K

D

c

= ( ~x

1

; � � � ; ~x

n

) ; (39)

the j th column ~x

j

is the represen tation of SA net w ork for

do cumen t j . The relev ance r

j

of do cumen t ~x

j

for query

q through the cluster structure is simply r

j

= cos ( q ; ~x

j

) :

If the clusters are w ell separated, all do cumen ts within a
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cluster will ha v e same relev ance to a query (see Eq.(36)

and Fig.2 left-b ottom panel), and th us all do cumen ts of

the most relev an t cluster will b e retriev ed, ev en though

their original v ector-space represen tations ( f x

j

g , columns

in B ) could di�er considerably . The self-aggregation mak es

this p ossible. In practice, o v erlaps exist; do cumen ts most

similar to eac h other will ha v e similar ~x

j

and will get v ery

similar relev ance score using the cosine similarit y metric.

Therefore, Eq.(39) is a con v enien t and natural w a y to in-

corp orate clustering information in to retriev al.

W e de�ne the total relev ance as the com bination of the

k eyw ords matc hing (KM) and SA net w ork matc hing:

r

j

= cos( q ; x

j

) + � cos ( q ; ~x

j

) (40)

W e call this self-aggregation impro v ed k eyw ords matc hing

(SAI-KM). In all exp erimen ts b elo w, � = 0 : 5

W e apply this retriev al metho d to 4 standard IR test

datatsets: Medline (1033 do cs, 30 queries), Cran�eld (1400

do cs, 225 queries), CA CM (3204 do cs, 64 queries) and

NPL (11429 do cs, 93 queries) collections.
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Figure 4: Precision-recall curv es for Medline, CA CM, NPL

and Cran�eld collections. 4 for k eyw ords matc hing, u

{

for

SA-impro v ed k eyw ords matc hing.

Precision-recall curv es for Medline, CA CM, NPL and

Cran�eld collections are sho wn in Fig.4. The a v erage pre-

cisions are summarized in T able 1. Here w e use tf.idf

term w eigh ting. K =10 for Medline, K =20 for all others.

On Medline, SAI-KM clearly impro v es the retriev al pre-

cisions at all recall lev els. It is in teresting to note that

LSI also p erforms w ell on Medline. The adv an tage of SA

net w ork is that w e only store 2 K v ectors F

K

; G

K

, whereas

LSI t ypically use K = 200, ab out 20 times more storage.

F or CA CM and NPL, SAI-KM impro v es precision at

lo w recall lev els (0-10%). W e note that retriev al precision

at lo w recall are imp ortan t b ecause in practice user usually

c hec k the few top returned do cumen ts only .

F or Cran�eld, SAI-KM p erforms sligh tly w orse than

standard k eyw ords matc hing. W e note that clustering h y-

p othesis w ere �rst exp erimen ted on this collection and the

results are generally inferior to k eyw ords matc hing [18 , 19].

By examining the SA net w orks for Cran�eld, the cluster

structure is not detectable, i.e, this collection do es not

ha v e clear sub-structures.

In summary , comparing to standard k eyw ords matc h-

ing, SA net w ork impro v ed retriev al ac hiev es substan tially

b etter retriev al precision for Medline, impro v es sligh tly at

lo w recall for CA CM and NPL, and p erforms sligh tly w orse

for Cran�eld. This represen ts a signi�can t progress from

earlier w ork summarized in [19 ].

Med CA CM NPL Cran

KM 0.463 0.331 0.201 0.478

SAI-KM 0.522 0.337 0.203 0.467

T able 1: Av erage 11-p oin t retriev al precision.

5.2 Do cumen t Clustering

W e apply SA net w orks clustering metho d on newsgroup

articles in 5 newsgroups (see Fig.5). 100 news articles

are randomly selected from eac h newsgroup. 1000 w ords

are selected based on m utual information. The term-

do cumen t asso ciation matrix B are solv ed b y SVD. The

results are sho wn in Fig.5. Here w e emphasize the fact that

w ords aggregate in to clusters in the K -dim space F

K

(see

Eq.36) while do cumen ts are sim ultaneous clustered using

G

K

G

T

K

. The clustering accuracy [

P

k

t

k k

= N ; T = ( t

ij

) is

the con tingency table] of the clustering results is 86%. In

comparison, the standard K-means metho ds has a cluster-

ing accuracy of 66%, while t w o impro v ed K-means meth-

o ds ac hiev es 76-80% [21 ].
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6 Summary

W e presen t a do cumen t clustering framew ork connecting

PCA, Kmeans with Hop�eld net w orks. The min-m ax cut

clustering ob jectiv e inforces cluster balance and leads to

scaled PCA. Net w orks constructed with scaled PCA com-

p onen ts via Hebb rule has the unique and desirable self-

aggregation prop ert y . SA net w orks impro v es do cumen t

retriev al and pro vides an e�ectiv e m ulti-K clustering algo-

rithm, as sho wn b y a n um b er of exp erimen ts.

Ac kno wledgemen t s . This w ork is supp orted b y Depart-

men t of Energy (O�ce of Science) under con tract DE-

A C03-76SF00098 through a LDRD gran t. LBNL-51339,

August 2002,
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