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Set Fundamentals

* A setis an unordered collection of objects

* The fundamental question in set theory is membership, i.e.,
does object x belong to set A. This is denoted as: does X € A?

* Two sets are equal, if they contain the same elements.

Logically,
A=B= (Vx)[x € A~ x € B]
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Fundamentals

* Representing Sets

— The extensional method - Explicitly enumerate all the elements of the set;
eg., A={1,57},B=1{1,23,...,100}, C = {red, white, blue}.

— The intensional method - Specify a property P that characterizes the set
clements; e.g., A = {x| x is an integer less than 7, but at least 3}.

— Recursion - We can describe the set of all even positive integers as follows:
(a) 2€S. (b) if x €8S, then so is x + 2.

* Some important sets
— N - The set of non-negative integers {0, 1, ...... }.
— 7 - The set of all integers {...,-1,0,1, ...}.
— Q - The set of all rational numbers.
— R - The set of all real numbers.
— C - The set of all complex numbers.

— {} or @ - The set with no elements or null set.
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Relationships

* A is said to be a subset of B, denoted by
AC B, if (YX)[x € A — x € B]

* A s said to be a proper subset of B, denoted by
ACB,ifACB,butA+B

* Example
— The statement () € C is always true, since the statement
(VX)(x € ¢ — X € C) is vacuously true.

— Let A = {x | xis a multiple of 8} and B = {x | x is a multiple of 4}.
Show that A € B.

— Proof?
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Power Set

* 'The set of all possible subsets of a set S 1s called its power set
and denoted by P(S)

e Example
LetS= {0, 1}. P(S) = {0, {0}, {1}, {0, 1}}.

e Hxercise

Show that if a set has n elements, then its power set will have
2" elements
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Binary Operations

- o 1s a binary operation on a set S, if for every ordered pair (x,
y) of S, X o y exists, is unique, and is a member of S. The
properties “exists” and “is unique” are collectively referred to
as the property of being “well-defined”; the property that x o
y € S 15 called the closure property.

* Example

Is + an operation on N?

Is — an operation on N? Z?
Is = an operation on R?

Is o an operation on N, where x oy = 1, if x>=5;x 0 y = 0, if x<=5
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Unary Operations

* # is said to be a unary operation on S, if for all x€S, x* is

well-defined and S is closed under #.

* The operation x* = -x is a unary operation on Z, but not on

N.

i

 'The operation x*# = (x)!/? is not a unary operation on N, Z

or Q; but it 1s a unary operation on R,.
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Operations on Sets

* For discussing operations on sets, we assume the existence
of a ground set S and its power set P(S). All operations are
defined on the elements of P(S); P(S) is called the universal
set or the universe of discourse.

* Principal Operations

Let A, B € P(S), i.e., Aand B are subsets of S.

() AU B (union) is defined as: {x | x € Aor x € B}.
(i) AN B (intersection) is defined as: {x | x € Aand x € B}.
(iif) A’ (complement) is definedas : {x | x € Sand x £ A}.
(iv) A — B (difference) is defined as: {x | x € Aand x ¢ B}.

) A

(V B (Cartesian Product) is defined as: {(x,y) | x € Aand y € B}.
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Examples

Let A= {1, 2, 3} and B = {a, b, 1}. Compute AuB, AnB,A— B, Ax Band B x A.

AUB = {1, 2, 3, a, b},

ANB = {1},
A—B={2, 3},

Ax B=1{(1,a), (1,b), (1,1), (2,a), (2,b), (2,1), (3,a), (3,b), (3,1)},
BxA=1{(a1), (a2), (a3), (b1), (b,2), (b,3), (1,1), (1,2), (1,3)}.

A X A is referred to as A%, A X A X A as A% and so

On1.
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Set Identities

* Recall that all sets under discussion are subsets of the ground
set S.

AUB=BUA

ANnB=BnNA
(AuUB)UC =AU (BUQC)
(ANB)NC =AnNn(BNC)
AU(BNC)=(AuB)Nn(AUC)
AN(BuUuC)=(AnB)U(ANC)

Commutative : {
Associative : {

Distributive : {

. [ AUD=A

Idennty.{ ANS— A
| AUA =S
Complement.{ ANA — 0
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Proving Set Identities

Show that AU(BNC) =(AUuB)N (AU C)
Observe that,

xe Au(BnC) xeAorxe (BNCOC)

(x e A)or (x €« Band x € C)

(xe Aorx e B)and (x € Aor x € C)
(x e AuB)and (x € AU C)

xe(AuB) N (AU C)

bl

Simply reverse the argument to show that every element in
the set represented by the RHS 1s also an element of the set
represented by the LHS.
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Proving Set Identities

* Show that
[AUBNCO)N([Au(BnC)N(BNC))=10

e Solution

[AU(BN O)]n (A u(BNnC)n(BNC))
=([AU(BNC)N[AU(BNC))N (BN C) Associativity
= ([(BNC)UAIN[(BNC)UA]) N (BN C)" Commutativity
= ([(BN C)u (AN A")]) n (BN C)’ Distributivity
=[(BNC)uP]n (BN C)" complement

= (BN C)n (BN C) identity

= () complement
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Countable and Uncountable Sets

* The number of elements in a set S is called its cardinality.

* A setSissaid to be finite, if |S| =k, for some k € N.

* A setSis said to be denumerable, if its cardinality isec, but
its elements can be enumerated in some order. e.g., N, Q7,

/Z*, 7,7 and so on.

e A setS is said to be countable if it is either finite or
denumerable. Otherwise, it 1s said to be uncountable.
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Countability

* Is the set QT (positive rationals) countable?

e Solution

- 1/1, 1/2, 1/3, 1/4,... T
2/1, 2/2, 2/3, 2/4,...
3/1, 3/2, 3/3, 3/4,...

e (Cantor’s Theorem

— 'The set of all real numbers in the interval [0, 1] 1s uncountable.
— Proof?
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