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a bcdefghidjfc
kl mnl opqlnlrqls op qtl rumnrl vlmnpopw unxyvlz {psln qtl |}ls slrowp ~xpsoqoxp� �xprosln m
|}ls rlq x� p

ymror �l~qxnr {x1, . . . ,xp} �tlnl
xj ∈ R

n �xn lm~t j � �lnl� n or qtl rmzuvl ro�l��lpxql y� X
qtl n × p smqm zmqno}� �oqt ~xv{zp j x� X

ylopw
xj

� �o�lp m nmpsxz xyrln�mqoxp
y = [y1, . . . ,yn] ∈ R

n qtmq slulpsr xp mp {pslnv�opw ~xl�~olpq �l~qxn β̄ ∈ R
p � �l mnl opqlnlrqls op

qtl unxyvlz x� lrqozmqopw β̄ {psln qtl mrr{zuqoxp qtmq qtl qmnwlq ~xl�~olpq
β̄ or rumnrl� �tnx{wtx{q

qtl umuln� �l ~xprosln |}ls slrowp xpv�� �tmq or� �l mrr{zl X or |}ls� mps nmpsxzo�mqoxp or �oqt
nlrul~q qx qtl pxorl op qtl xyrln�mqoxp

y
�kl ~xprosln qtl roq{mqoxp qtmq

Ey
~mp yl muunx}ozmqls y� m rumnrl voplmn ~xzyopmqoxp x� qtlymror �l~qxnr�

Ey ≈ Xβ̄,

�tlnl �l mrr{zl qtmq β̄ or rumnrl� �l|pl qtl r{uuxnq x� m �l~qxn β ∈ R
p mr

supp(β) = {j : βj 6= 0},
mps ‖β‖0 = |supp(β)| � � pmq{nmv zlqtxs �xn rumnrl vlmnpopw or L0

nlw{vmno�mqoxp�
β̂L0 = arg min

β∈Rp
Q̂(β) r{y�l~q qx ‖β‖0 ≤ s,

�



�tlnl s or qtl slronls rumnroq�� �xn rozuvo~oq�� {pvlrr xqtln�orl rqmqls� qtl xy�l~qo�l �{p~qoxp
~xproslnls qtnx{wtx{q qtor umuln or qtl vlmrq r�{mnlr vxrr

Q̂(β) = ‖Xβ − y‖2
2,

mvqtx{wt xqtln xy�l~qo�l �{p~qoxpr �xn wlplnmvo�ls voplmn zxslvr �r{~t mr vxworqo~ nlwnlrroxp� ~mp yl
rozovmnv� mpmv��ls��op~l qtor xuqozo�mqoxp unxyvlz or wlplnmvv� ���tmns� op unm~qo~l� xpl x�qlp ~xproslnr muunx}o�zmql rxv{qoxpr� � rqmpsmns muunxm~t or ~xp�l} nlvm}mqoxp x� L0

nlw{vmno�mqoxp qx L1
nlw{vmno�mqoxp�

x�qlp nl�lnnls qx mr �mrrx ����� �pxqtln ~xzzxpv� {rls muunxm~t or wnlls� mvwxnoqtzr� r{~t mr qtl
xnqtxwxpmv zmq~topw u{nr{oq ����� ������p unm~qo~mv muuvo~mqoxpr� xpl x�qlp  px�r m rqn{~q{nl xp qtl ~xl�~olpq �l~qxn β̄ op mssoqoxp
qx rumnroq�� �xn l}mzuvl� op wnx{u rumnroq�� xpl mrr{zlr qtmq �mnomyvlr op qtl rmzl wnx{u qlps
qx yl �lnx xn pxp�lnx roz{vqmplx{rv�� �tl u{nuxrl x� qtor umuln or qx rq{s� qtl zxnl wlplnmv
lrqozmqoxp unxyvlz {psln rqn{~q{nls rumnroq�� �� zlmpopw�{v rqn{~q{nlr l}orq� �l rtx� qtmq xpl ~mp
qm l ms�mpqmwl x� r{~t rqn{~q{nlr qx ozunx�l qtl rqmpsmns rumnrl vlmnpopw�

¡ ¢£¤¥d£g ¦fe§
�tl oslm x� {ropw rqn{~q{nl op mssoqoxp qx rumnroq� tmr yllp l}uvxnls yl�xnl� �p l}mzuvl or wnx{u
rqn{~q{nl� �to~t tmr nl~lo�ls z{~t mqqlpqoxp nl~lpqv�� �xn l}mzuvl� wnx{u rumnroq� tmr yllp ~xp�roslnls �xn roz{vqmplx{r rumnrl muunx}ozmqoxp ��¨� mps z{vqo�qmr  ~xzunlrro�l rlpropw ��¨� �nxz qtl©m�lromp tolnmn~to~mv zxslvopw uxopq x� �ol�� ªpsln qtl ©m�lromp tolnmn~to~mv zxslv �nmzl�xn �
smqm �nxz mvv rx{n~lr ~xpqnoy{ql qx qtl lrqozmqoxp x� t�uln�umnmzlqlnr op qtl rumnrl unoxn zxslv�
�tl rtmnls unoxn ~mp qtlp yl op�lnnls �nxz z{vqouvl rx{n~lr� �l lq mv� nl~lpqv� l}qlps qtl oslm
qx qtl qnll rumnroq� op qtl ©m�lromp �nmzl�xn  ���� ���� �vqtx{wt qtl oslm ~mp yl �{rqo|ls {ropw
rqmpsmns ©m�lromp opq{oqoxp� qtlnl mnl px qtlxnlqo~mv nlr{vqr rtx�opw tx� z{~t ylqqln �mps {psln
�tmq  ops x� ~xpsoqoxpr� qtl nlr{vqopw mvwxnoqtzr uln�xnz� �p qtl rqmqorqo~mv voqlnmq{nl� �mrrx tmryllp l}qlpsls qx qtl wnx{u �mrrx �tlp qtlnl l}orq wnx{u«yvx~  rqn{~q{nls slulpslp~lr mzxpw qtl
rumnrl ~xl�~olpqr ��¬��

�x�l�ln� pxpl x� qtl myx�l zlpqoxpls �xn  �mr myvl qx rtx� ms�mpqmwl x� {ropw wnx{u rqn{~q{nl�
�vqtx{wt rxzl qtlxnlqo~mv nlr{vqr �lnl sl�lvxuls op ��� ��� ploqtln rtx�ls qtmq wnx{u �mrrx or
r{ulnoxn qx qtl rqmpsmns �mrrx� �tl m{qtxnr x� ��¬� rtx�ls qtmq wnx{u �mrrx ~mp yl r{ulnoxn
qx rqmpsmns �mrrx �tlp lm~t wnx{u or mp op|poql sozlproxpmv  lnplv� y� nlv�opw xp qtl �m~q qtmq
zlmpopw�{v mpmv�ror ~mp yl xyqmopls �xn  lnplv zlqtxsr op op|poql sozlproxp� �p ��®�� qtl m{qtxnr
~xprosln m rul~omv ~mrl x� wnx{u �mrrx op qtl z{vqo�qmr  vlmnpopw r~lpmnox� mps rtx� qtmq qtl p{zyln
x� rmzuvlr nl�{onls �xn nl~x�lnopw qtl l}m~q r{uuxnq rlq or rzmvvln �xn wnx{u �mrrx {psln muunxunomql
~xpsoqoxpr� �p ����� m qtlxn� �xn wnx{u �mrrx �mr sl�lvxuls {ropw m ~xp~luq ~mvvls rqnxpw wnx{u
rumnroq�� �to~t or m rul~omv ~mrl x� qtl wlplnmv rqn{~q{nls rumnroq� oslm ~xproslnls tlnl� �q �mr
rtx�p op ���� qtmq wnx{u �mrrx or r{ulnoxn qx rqmpsmns �mrrx �xn rqnxpwv� wnx{u�rumnrl rowpmvr�
�to~t unx�oslr m ~xp�op~opw qtlxnlqo~mv �{rqo|~mqoxp �xn {ropw wnx{u rqn{~q{nls rumnroq��ktovl wnx{u �mrrx �xn r {psln qtl rqnxpw wnx{u rumnroq� mrr{zuqoxp� oq sxlrp q̄ tmpsvl qtl zxnl
wlplnmv rqn{~q{nlr ~xproslnls op qtor umuln� �l�lnmv vozoqmqoxpr x� wnx{u �mrrx �lnl zlpqoxpls op
����� �xn l}mzuvl� wnx{u �mrrx sxlr pxq ~xnnl~qv� tmpsvl x�lnvmuuopw wnx{ur �op qtmq x�lnvmuuopw
~xzuxplpqr mnl x�ln�~x{pqls�° qtmq or� m wo�lp ~xl�~olpq rtx{vs pxq ylvxpw qx so±lnlpq wnx{ur�
�tor nl�{onlzlpq or qxx nowos �xn zmp� unm~qo~mv muuvo~mqoxpr� �x mssnlrr qtor orr{l� m zlqtxs
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~mvvls ~xzuxroql myrxv{ql ulpmvq� ����� or unxuxrls op ��²� �to~t ~mp tmpsvl x�lnvmuuopw wnx{ur�
ªp�xnq{pmqlv�� px qtlxn� or lrqmyvortls qx slzxprqnmql qtl l±l~qo�lplrr x� qtl muunxm~t� �p m nlvmqls
sl�lvxuzlpq ��³�� ´x�mvr o lq mv� wlplnmvo�ls qtl zo}ls pxnz ulpmvq� qx rqn{~q{nls rtnop mwl� �to~t
~mp oslpqo�� qtl rqn{~q{nls rowpo|~mp~l zmur mps qt{r ~mp tmpsvl qtl ~mrl x� qtl x�lnvmuuopw wnx{ur�
�x�l�ln� qtl rqn{~q{nls rtnop mwl xulnmqoxpr sx pxq pl~lrrmnov� ~xp�lnwlp~l qx m |}ls uxopq� �tlnl
�lnl px mssoqoxpmv qtlxn� qx �{rqo�� qtlon zlqtxsr��qtln rqn{~q{nlr tm�l mvrx yllp l}uvxnls op qtl voqlnmq{nl� �xn l}mzuvl� rx�~mvvls qxpmv mps
qnmprolpq rqn{~q{nlr �lnl ~xproslnls �xn rumnrl sl~xzuxroqoxp x� m{sox rowpmvr op ��� y{q mwmop
�oqtx{q mp� qtlxn�� �nozz lq mv� ��µ� op�lrqowmqls uxroqo�l uxv�pxzomvr �oqt rqn{~q{nls rumnroq��nxz mp xuqozo�mqoxp ulnrul~qo�l� �tl qtlxnlqo~mv nlr{vq qtlnl sos pxq mssnlrr qtl l±l~qo�lplrr x�
r{~t zlqtxsr op ~xzumnorxp qx rqmpsmns rumnroq�� �tl ~vxrlrq �xn  qx x{nr or m nl~lpq umuln ����
�to~t �l vlmnpls m�qln |portopw qtor umuln� �p qtmq umuln� m rul~o|~ ~mrl x� rqn{~q{nls rumnroq��
nl�lnnls qx mr zxslv ymrls rumnroq�� �mr ~xproslnls� �q or ozuxnqmpq qx pxql qtmq rxzl qtlxnlqo~mv
nlr{vqr �lnl xyqmopls qtlnl qx rtx� qtl l±l~qo�lplrr x� qtlon zlqtxs op ~xzunlrro�l rlpropw� �x��l�ln� qtl� sx pxq unx�osl m wlplno~ �nmzl�xn  �xn rqn{~q{nls rumnroq�� �t{r� so±lnlpq r~tlzlr tm�l
qx yl rul~o|~mvv� slrowpls �xn so±lnlpq smqm zxslvr� �q nlzmopr mr mp xulp orr{l tx� qx sl�lvxu m
wlplnmv qtlxn� �xn rqn{~q{nls rumnroq�� qxwlqtln �oqt m wlplnmv mvwxnoqtz qtmq ~mp yl muuvols qx m
�osl ~vmrr x� r{~t unxyvlzr�kl rll �nxz qtl myx�l sor~{rroxp qtmq qtlnl l}orqr l}qlpro�l voqlnmq{nl xp rqn{~q{nls rumnroq��
�oqt lzuono~mv l�oslp~l rtx�opw qtmq xpl ~mp m~tol�l ylqqln uln�xnzmp~l y� ozuxropw mssoqoxpmv
rqn{~q{nlr� �x�l�ln� pxpl x� qtl unl�ox{r �xn  �mr myvl qx lrqmyvort m wlplnmv qtlxnlqo~mv �nmzl�xn �xn rqn{~q{nls rumnroq� qtmq ~mp �{mpqo�� oqr l±l~qo�lplrr� �tl wxmv x� qtor umuln or qx sl�lvxu r{~t
m wlplnmv qtlxn� qtmq mssnlrrlr qtl �xvvx�opw orr{lr� �tlnl �l um� rul~omv mqqlpqoxp qx qtl ylpl|q
x� rqn{~q{nls rumnroq� x�ln qtl rqmpsmns pxp�rqn{~q{nls rumnroq��

• �{mpqo��opw rqn{~q{nls rumnroq�°
• qtl zopozmv p{zyln x� zlmr{nlzlpqr nl�{onls op ~xzunlrro�l rlpropw°
• lrqozmqoxp m~~{nm~� {psln rqx~tmrqo~ pxorl°
• mp l�~olpq mvwxnoqtz qtmq ~mp rxv�l m �osl ~vmrr x� rqn{~q{nls rumnroq� unxyvlzr�

¶ ·dehidhe£g ·¸¥e¹jdº
�p rqn{~q{nls rumnroq�� pxq mvv rumnrl umqqlnpr mnl l�{mvv� vo lv�� �xn l}mzuvl� op wnx{u rumnroq��
~xl�~olpqr �oqtop qtl rmzl wnx{u mnl zxnl vo lv� qx yl �lnxr xn pxp�lnxr roz{vqmplx{rv�� �tor zlmpr
qtmq o� m rumnrl ~xl�~olpq �l~qxn¯r r{uuxnq rlq or ~xprorqlpq �oqt qtl {pslnv�opw wnx{u rqn{~q{nl�
qtlp oq or zxnl vo lv� qx x~~{n� mps tlp~l op~{nr m rzmvvln ulpmvq� op vlmnpopw� �pl ~xpqnoy{qoxp
x� qtor �xn  or qx �xnz{vmql tx� qx sl|pl rqn{~q{nl xp qxu x� rumnroq�� mps tx� qx ulpmvo�l lm~t
rumnroq� umqqlnp��p xnsln qx �xnzmvo�l qtl oslm� �l slpxql y� I = {1, . . . , p} qtl opsl} rlq x� qtl ~xl�~olpqr�
�xprosln mp� rumnrl r{yrlq F ⊂ {1, . . . , p} � �l mrrowp m ~xrq cl(F ) � �p rqn{~q{nls rumnroq�� qtl ~xrq
x� F or mp {uuln yx{ps x� qtl ~xsopw vlpwqt x� F �p{zyln x� yoqr pllsls qx nlunlrlpq

F
y� m

~xzu{qln unxwnmz� op m unl�~txrlp unl|} ~xsopw r~tlzl� �q or m �lvv� px�p �m~q op op�xnzmqoxp

�



qtlxn� �l�w� �²�� qtmq zmqtlzmqo~mvv�� qtl l}orqlp~l x� r{~t m ~xsopw r~tlzl or l�{o�mvlpq qx
∑

F⊂I

2−cl(F ) ≤ 1.

�nxz qtl ©m�lromp rqmqorqo~r uxopq x� �ol�� 2−cl(F ) ~mp yl nlwmnsls mr m vx�ln yx{ps x� qtl unxym�yovoq� x� F � �tl unxymyovoq� zxslv x� rqn{~q{nls rumnrl vlmnpopw or qt{r� |nrq wlplnmql qtl rumnroq�
umqqlnp F m~~xnsopw qx unxymyovoq� 2−cl(F ) ° qtlp wlplnmql qtl ~xl�~olpqr op F �
»¼½¾¿À¿Á¾ ÂÃÄ Å ÆÇÈÉ ÊËÌÆÉÍÇÌ cl(F ) ÎÏÐÌÏÎ ÇÌ ÈËÑÈÏÉÈ ÇÊ I ÍÈ ÆÒÓÓÏÎ Ò ÆÇÎÍÌÔ ÓÏÌÔÉÕ ÖÍÌ ÑÒÈÏ×ØÙ ÍÊ

∑

F⊂I,F 6=∅

2−cl(F ) ≤ 1.

ÚÏ ÔÍÛÏ ∅ Ò ÆÇÎÍÌÔ ÓÏÌÔÉÕ ÜÝ ÞÕÏ ÆÇßßÏÈàÇÌÎÍÌÔ ÈÉßËÆÉËßÏÎ ÈàÒßÈÏ ÆÇÎÍÌÔ ÆÇáàÓÏâÍÉã ÇÊ F
ÍÈ ÎÏÐÌÏÎÒÈ

c(F ) = |F | + cl(F ).Å ÆÇÎÍÌÔ ÓÏÌÔÉÕ cl(F )
ÍÈ ÈËÑ×ÒÎÎÍÉÍÛÏ ÍÊ

cl(F ∪ F ′) ≤ cl(F ) + cl(F ′),

ÒÌÎ Ò ÆÇÎÍÌÔ ÆÇáàÓÏâÍÉã c(F )
ÍÈ ÈËÑ×ÒÎÎÍÉÍÛÏ ÍÊ

c(F ∪ F ′) ≤ c(F ) + c(F ′).

�vlmnv� o� cl(F ) or r{y�mssoqo�l� qtlp qtl ~xnnlruxpsopw ~xsopw ~xzuvl}oq� c(F ) or mvrx r{y�mssoqo�l� ©mrls xp qtl rqn{~q{nls ~xsopw ~xzuvl}oq� x� r{yrlqr x� I � �l ~mp px� sl|pl qtl rqn{~�q{nls ~xsopw ~xzuvl}oq� x� m rumnrl ~xl�~olpq �l~qxn β̄ ∈ R
p �

»¼½¾¿À¿Á¾ ÂÃä åÍÛÍÌÔ Ò ÆÇÎÍÌÔ ÆÇáàÓÏâÍÉã c(F )æ ÉÕÏ ÈÉßËÆÉËßÏÎ ÈàÒßÈÏ ÆÇÎÍÌÔ ÆÇáàÓÏâÍÉã ÇÊ Ò ÆÇÏÊ×ÐÆÍÏÌÉ ÛÏÆÉÇß β̄ ∈ R
p ÍÈ

c(β̄) = min{c(F ) : supp(β̄) ⊂ F}.
�mqln op qtl umuln� �l �ovv rtx� qtmq o� m ~xl�~olpq �l~qxn β̄

tmr m rzmvv ~xsopw ~xzuvl}oq�
c(β̄) � qtlp β̄ ~mp yl l±l~qo�lv� vlmnpls� �oqt wxxs op�rmzuvl unlso~qoxp uln�xnzmp~l �op rqmqorqo~mv
vlmnpopw� mps nl~xprqn{~qoxp uln�xnzmp~l �op ~xzunlrro�l rlpropw�� �p xnsln qx rll �t� qtl sl|poqoxp
nl�{onlr mssopw |F | qx cl(F ) � �l ~xprosln qtl wlplnmqo�l zxslv �xn rqn{~q{nls rumnroq� zlpqoxpls
lmnvoln� �p qtor zxslv� qtl p{zyln x� yoqr qx lp~xsl m rumnrl ~xl�~olpq �l~qxn or qtl r{z x� qtl
p{zyln x� yoqr qx lp~xsl F ��to~t or cl(F )� mps qtl p{zyln x� yoqr qx lp~xsl pxp�lnx ~xl�~olpqr
op F �qtor nl�{onlr O(|F |) yoqr {u qx m |}ls unl~oroxp�� �tlnl�xnl qtl qxqmv p{zyln x� yoqr nl�{onls
or cl(F ) + O(|F |) � �tor op�xnzmqoxp qtlxnlqo~mv nlr{vq qnmprvmqlr opqx m rqmqorqo~mv lrqozmqoxp nlr{vq�
�oqtx{q mssoqoxpmv nlw{vmno�mqoxp� qtl vlmnpopw ~xzuvl}oq� �xn vlmrq r�{mnlr nlwnlrroxp �oqtop mp�
|}ls r{uuxnq rlq F or O(|F |) � ©� mssopw qtl zxslv rlvl~qoxp ~xzuvl}oq� cl(F )

�xn lm~t r{uuxnq rlq
F � �l xyqmop mp x�lnmvv rqmqorqo~mv lrqozmqoxp ~xzuvl}oq� x� O(cl(F ) + |F |) �ktovl qtl oslm x� {ropw ~xsopw ymrls ulpmvo�mqoxp or ~vlmnv� zxqo�mqls y� qtl zopoz{z sl�r~nouqoxp vlpwqt ����� unop~ouvl� qtl m~q{mv ulpmvq� �l xyqmop �xn rqn{~q{nls rumnroq� unxyvlzr
or so±lnlpq �nxz qtl rqmpsmns ��� ulpmvq� �xn zxslv rlvl~qoxp� �tor so±lnlp~l or ozuxnqmpq op
rumnrl vlmnpopw� �tlnl�xnl op xnsln qx unl�lpq ~xp�{roxp� �l m�xos {ropw ��� op x{n qlnzopxvxw��
�l�lnqtlvlrr� xpl zm� ~xprosln x{n �nmzl�xn  mr m pmq{nmv ~xzyopmqoxp x� qtl ��� oslm mps qtl
zxslnp rumnroq� mpmv�ror�

¨



ç ·dehidhe£g ·¸¥e¹jdº èé¥ê¸¤£¹
©l�xnl wo�opw slqmovls l}mzuvlr� �l opqnxs{~l m wlplnmv ~xsopw r~tlzl ~mvvls ÑÓÇÆë ÆÇÎÍÌÔ� �tlymro~ oslm x� yvx~  ~xsopw or qx sl|pl m ~xsopw r~tlzl xp m rzmvv p{zyln x� ymrl yvx~ r �m yvx~  or
m r{yrlq x� I �� mps qtlp sl|pl m ~xsopw r~tlzl xp mvv r{yrlqr x� I {ropw qtlrl ymrl yvx~ r�

�xprosln m r{yrlq B ⊂ 2I � �tmq or� lm~t lvlzlpq �m yvx~ � x� B or m r{yrlq x� I � kl ~mvv Bm yvx~  rlq o� I = ∪B∈BB mps mvv ropwvl lvlzlpq rlqr {j} ylvxpw qx B �j ∈ I �� �xql qtmq B zm�
~xpqmop mssoqoxpmv pxp ropwvl�lvlzlpq yvx~ r� �tl nl�{onlzlpq x� B ~xpqmopopw mvv ropwvl lvlzlpq
rlqr or �xn ~xp�lpolp~l� mr oq ozuvolr qtmq l�ln� r{yrlq F ⊂ I ~mp yl l}unlrrls mr qtl {poxp x� yvx~ r
op B �

�lq cl0
yl m ~xsl vlpwqt xp B �

∑

B∈B

2−cl0(B) ≤ 1,

�l sl|pl cl(B) = cl0(B) + 1
�xn B ∈ B � �q pxq so�~{vq qx rtx� qtmq qtl �xvvx�opw ~xrq �{p~qoxp xp

F ⊂ I or m ~xsopw vlpwqt

cl(F ) = min







b
∑

j=1

cl(Bj) : F =

b
⋃

j=1

Bj (Bj ∈ B)







.

�tor or yl~m{rl
∑

F⊂I,F 6=∅

2−cl(F ) ≤
∑

b≥1

∑

{B`}∈Bb

2−
∑b

`=1 cl(B`) ≤
∑

b≥1

b
∏

`=1

∑

B`∈B

2−cl(B`) ≤
∑

b≥1

2−b = 1.

�q or ~vlmn �nxz qtl sl|poqoxp qtmq yvx~  ~xsopw or r{y�mssoqo�l�
�tl zmop u{nuxrl x� opqnxs{~opw yvx~  ~xsopw or qx slrowp ~xzu{qmqoxpmvv� l�~olpq mvwxnoqtzrymrls xp qtl yvx~  rqn{~q{nl� �p umnqo~{vmn� qtor umuln ~xproslnr m rqn{~q{nls wnlls� mvwxnoqtz qtmq

~mp qm l ms�mpqmwl x� yvx~  rqn{~q{nlr� �p qtl rqn{~q{nls wnlls� mvwxnoqtz� oprqlms x� rlmn~topw x�ln
mvv r{yrlqr x� I {u qx m |}ls ~xsopw ~xzuvl}oq� s �qtl p{zyln x� r{~t r{yrlqr ~mp yl l}uxplpqomv
op s�� �l wnllsov� mss yvx~ r �nxz B xpl mq m qozl� ìm~t rlmn~t unxyvlz x�ln B ~mp yl l�~olpqv�
uln�xnzls yl~m{rl �l nl�{onl qtmq B ~xpqmopr xpv� m ~xzu{qmqoxpmvv� zmpmwlmyvl p{zyln x� ymrlyvx~ r� �tlnl�xnl qtl mvwxnoqtz or ~xzu{qmqoxpmvv� l�~olpq�kl �ovv rtx� qtmq {psln muunxunomql ~xpsoqoxpr� m qmnwlq ~xl�~olpq �l~qxn �oqt m rzmvv yvx~ 
~xsopw ~xzuvl}oq� ~mp yl muunx}ozmqlv� vlmnpls {ropw qtl rqn{~q{nls wnlls� mvwxnoqtz� �tor zlmpr
qtmq qtl yvx~  ~xsopw r~tlzl tmr ozuxnqmpq mvwxnoqtzo~ ozuvo~mqoxpr� �tmq or� o� m ~xsopw r~tlzl
~mp yl muunx}ozmqls y� yvx~  ~xsopw �oqt m rzmvv p{zyln x� ymrl yvx~ r� qtlp qtl ~xnnlruxpsopw
lrqozmqoxp unxyvlz ~mp yl muunx}ozmqlv� rxv�ls {ropw qtl rqn{~q{nls wnlls� mvwxnoqtz� �xn qtor
nlmrxp� �l rtmvv um� rul~omv mqqlpqoxp qx yvx~  ~xsopw muunx}ozmqoxp r~tlzlr �xn l}mzuvlr sor~{rrlsylvx��
íîïðñïòñ óôïòóõîö
� rozuvl ~xsopw r~tlzl or qx ~xsl lm~t r{yrlq F ⊂ I x� ~mnsopmvoq� k {ropw k log2(2p)

yoqr� �to~t
~xnnlruxpsr qx yvx~  ~xsopw �oqt B ~xprorqls xpv� x� ropwvl lvlzlpq rlqr� mps lm~t ymrl yvx~  tmr
m ~xsopw vlpwqt cl0 = log2 p � �tor ~xnnlruxpsr qx qtl ~xzuvl}oq� �xn qtl rqmpsmns rumnrl vlmnpopw�

¬



� zxnl wlplnmv �lnroxp or qx ~xprosln ropwvl lvlzlpq yvx~ r B = {{j} : j ∈ I}� �oqt m pxp�{po�xnz ~xsopw r~tlzl cl0({j}) = cj
� r{~t qtmq ∑

j 2−cj ≤ 1 � �q vlmsr qx m pxp�{po�xnz ~xsopw
vlpwqt xp I mr

cl(B) = |B| +
∑

j∈B

cj .

�p umnqo~{vmn� o� m �lmq{nl j or vo lv� qx yl pxp�lnx� �l rtx{vs wo�l oq m rzmvvln ~xsopw vlpwqt cj
� mps

o� m �lmq{nl j or vo lv� qx yl �lnx� �l rtx{vs wo�l oq m vmnwln ~xsopw vlpwqt�
÷òøùô óôïòóõîö
�tl ~xp~luq x� wnx{u rumnroq� tmr muulmnls op �mnox{r nl~lpq �xn � r{~t mr qtl wnx{u �mrrx op ��¬��
�xprosln m umnqoqoxp x� I = ∪m

j=1Gj
opqx m sor�xopq wnx{ur� �lq BG

~xpqmop qtl m wnx{ur {Gj} �
mps B1

~xpqmop p ropwvl lvlzlpq yvx~ r� �tl rqnxpw wnx{u rumnroq� ~xsopw r~tlzl or qx wo�l lm~t
lvlzlpq op B1

m ~xsl�vlpwqt cl0
x� ∞ � mps lm~t lvlzlpq op BG

m ~xsl�vlpwqt cl0
x� log2 m � �tlp qtlyvx~  ~xsopw r~tlzl �oqt yvx~ r B = BG ∪ B1

vlmsr qx wnx{u rumnroq�� �to~t xpv� vxx r �xn rowpmvr
~xprorqls x� qtl wnx{ur� �tl nlr{vqopw ~xsopw vlpwqt or� cl(B) = g log2(2m) o� B ~mp yl nlunlrlpqls
mr qtl {poxp x� g sor�xopq wnx{ur Gj

° mps cl(B) = ∞ xqtln�orl�
�xql qtmq o� qtl rowpmv ~mp yl l}unlrrls mr qtl {poxp x� g wnx{ur� mps lm~t wnx{u ro�l or k0

� qtlp
qtl wnx{u ~xsopw vlpwqt g log2(2m) ~mp yl rowpo|~mpqv� rzmvvln qtmp qtl rqmpsmns rumnroq� ~xsopw
vlpwqt x� gk0 log2(p) � �r �l rtmvv rll vmqln� qtl rzmvvln ~xsopw ~xzuvl}oq� ozuvolr ylqqln vlmnpopwyltm�oxn� �to~t or lrrlpqomvv� qtl ms�mpqmwl x� {ropw wnx{u rumnrl rqn{~q{nl� �q �mr rtx�p op ����
qtmq rqnxpw wnx{u rumnroq� sl|pls myx�l mvrx ~tmnm~qlno�lr qtl uln�xnzmp~l wnx{u �mrrx� �tlnl�xnl
o� m rowpmv tmr m unl�slqlnzopls wnx{u rqn{~q{nl� qtlp wnx{u �mrrx or r{ulnoxn qx rqmpsmns �mrrx�

�p l}qlproxp x� qtor oslm or qx mvvx� zxnl wlplnmv yvx~  ~xsopw vlpwqt �xn cl0(Gj)
mps cl0({j})rx qtmq

m
∑

j=1

2−cl0(Gj) +

p
∑

j=1

2−cl0({j}) ≤ 1.

�tor vlmsr qx pxp�{po�xnz ~xsopw x� qtl wnx{ur� rx qtmq m wnx{u qtmq or zxnl vo lv� qx yl pxp�lnx or
wo�lp m rzmvvln ~xsopw vlpwqt�
úõûòïòüýõüïþ óôïòóõîö
�pl zm� mvrx ~nlmql m tolnmn~to~mv wnx{u rqn{~q{nl� � rozuvl l}mzuvl or �m�lvlq ~xl�~olpqr x� m
rowpmv ��²�� �pxqtln rozuvl l}mzuvl or m yopmn� qnll �oqt qtl �mnomyvlr mr vlm�lr� �to~t �l slr~noylylvx�� ìm~t opqlnpmv pxsl op qtl qnll or mrrx~omqls �oqt qtnll xuqoxpr� vl�q ~tovs xpv�� nowtq ~tovs
xpv�� mps yxqt ~tovsnlp° lm~t xuqoxp ~mp yl lp~xsls op log2 3

yoqr�
�o�lp m r{yrlq F ⊂ I � �l ~mp wx sx�p �nxz qtl nxxq x� qtl qnll� mps mq lm~t pxsl� sl~osl

�tlqtln xpv� vl�q ~tovs ~xpqmopr lvlzlpqr x� F � xn xpv� nowtq ~tovs ~xpqmopr lvlzlpqr x� F � xnyxqt ~tovsnlp ~xpqmop lvlzlpqr x� F � �tlnl�xnl qtl ~xsopw vlpwqt x� F or log2 3
qozlr qtl qxqmv

p{zyln x� opqlnpmv pxslr vlmsopw qx lvlzlpqr x� F � �op~l lm~t vlm� ~xnnlruxpsr qx px zxnl qtmp
log2 p opqlnpmv pxslr� qtl qxqmv ~xsopw vlpwqt or px �xnrl qtmp log2 3 log2 p|F | � �x�l�ln� qtl ~xsopw
vlpwqt ~mp yl rowpo|~mpqv� rzmvvln o� pxslr mnl ~vxrl qx lm~t xqtln xn mnl ~v{rqlnls� �p qtl l}qnlzl
~mrl� �tlp qtl pxslr mnl ~xprl~{qo�l� �l tm�l O(|F | + log2 p) ~xsopw vlpwqt� �xnl wlplnmvv��
o� �l ~mp xnsln lvlzlpqr op F mr F = {j1, . . . , jq} � qtlp qtl ~xsopw vlpwqt ~mp yl yx{psls mr
cl(F ) = O(|F | + log2 p +

∑q
s=2 log2 min`<s |js − j`|) �

³



�� mvv opqlnpmv pxslr x� qtl qnll mnl mvrx �mnomyvlr op I ��xn l}mzuvl� op qtl ~mrl x� �m�lvlq
sl~xzuxroqoxp�� qtlp xpl zm� ~xprosln �lmq{nl rlq F �oqt qtl �xvvx�opw unxulnq�� o� m pxsl or
rlvl~qls� qtlp oqr umnlpq or mvrx rlvl~qls� �tor nl�{onlzlpq or �ln� l±l~qo�l op �m�lvlq ~xzunlrroxp�
mps x�qlp nl�lnnls qx mr qtl �lnx�qnll rqn{~q{nl ����� �ozovmn nl�{onlzlpqr tm�l mvrx yllp muuvols op
rqmqorqo~r ��²� �xn �mnomyvl rlvl~qoxp� �tl mnw{zlpq unlrlpqls op qtor rl~qoxp rtx�r qtmq o� �l nl�{onl
F

qx rmqor�� qtl �lnx�qnll rqn{~q{nl� qtlp oqr ~xsopw vlpwqt or mq zxrq O(|F |) � �oqtx{q mp� l}uvo~oq
slulpslp~� xp qtl sozlproxpmvoq� p � �tor or yl~m{rl xpl sxlr pxq tm�l qx nlm~t m vlm�l pxsl�

�tl qnll�ymrls ~xsopw r~tlzl sor~{rrls op qtor rl~qoxp ~mp yl muunx}ozmqls y� yvx~  ~xsopw
{ropw px zxnl qtmp p1+δ ymrl yvx~ r �δ > 0�� �tl oslm or rozovmn qx qtmq x� qtl ozmwl ~xsopw
l}mzuvl op qtl zxnl wlplnmv wnmut rumnroq� r~tlzl �to~t �l sor~{rr pl}q�
÷òïôý óôïòóõîö
kl ~xprosln m wlplnmvo�mqoxp x� qtl tolnmn~to~mv mps wnx{u rumnroq� oslm qtmq lzuvx�r m �sonl~qls xn
{psonl~qls� wnmut rqn{~q{nl G xp I � �x qtl ylrq x� x{n  px�vlswl� qtor wlplnmv rqn{~q{nl tmr pxqyllp ~xproslnls op mp� unl�ox{r �xn ��p wnmut rumnroq�� lm~t �mnomyvl �mp lvlzlpq x� I � or m pxsl x� G

y{q
G zm� mvrx ~xpqmop

mssoqoxpmv pxslr qtmq mnl pxq �mnomyvlr� �xn rozuvo~oq�� �l mrr{zl G ~xpqmopr m rqmnqopw pxsl �qtor
nl�{onlzlpq or pxq ~noqo~mv��

�q lm~t pxsl v ∈ G � �l sl|pl ~xsopw vlpwqt clv(S) xp mvv r{yrlqr S x� qtl plowtyxntxxs Nv
x�

v op~v{sopw qtl lzuq� rlq� mr �lvv mr mp� xqtln ropwvl pxsl u ∈ G �oqt clv(u) � r{~t qtmq
∑

S⊂Nv

2−clv(S) +
∑

u∈G

2−clv(u) ≤ 1.

�x lp~xsl F ⊂ G � �l rqmnq �oqt qtl m~qo�l rlq ~xpqmopopw xpv� qtl rqmnqopw pxsl� mps |port �tlp
qtl rlq yl~xzlr lzuq�� �q lm~t pxsl v

yl�xnl qlnzopmqoxp� �l zm� loqtln uo~  m r{yrlq S ⊂ Nv
�

�oqt ~xsopw vlpwqt clv(S) � xn m pxsl op u ∈ G � �oqt ~xsopw vlpwqt clv(u) � mps qtlp u{q qtl rlvl~qoxp
opqx qtl m~qo�l rlq� kl qtlp nlzx�l v

�nxz qtl m~qo�l rlq �xp~l m pxsl v or nlzx�ls� oq sxlr pxq
nlq{np qx qtl m~qo�l rlq mp�zxnl�� �tor unx~lrr or ~xpqop{ls {pqov qtl m~qo�l rlq yl~xzlr lzuq��

�r m ~xp~nlql l}mzuvl� �l ~xprosln ozmwl unx~lrropw� �tlnl lm~t ozmwl or m nl~qmpwvl x� uo}lvr
�pxslr�° lm~t uo}lv or ~xppl~qls qx �x{n ms�m~lpq uo}lvr� �to~t �xnzr qtl {pslnv�opw wnmut rqn{~q{nl�
�q lm~t uo}lv� qtl p{zyln x� r{yrlqr op oqr plowtyxntxxs or 24 = 16 �op~v{sopw qtl lzuq� rlq�� mps
lm~t r{yrlq or wo�lp m ~xsopw vlpwqt clv(S) = 5 ° �l mvrx lp~xsl mvv xqtln uo}lvr op qtl ozmwl
�oqt nmpsxz �{zuopw� lm~t �oqt m ~xsopw vlpwqt 1 + log2 p � ªropw qtor r~tlzl� �l ~mp lp~xsl
lm~t ~xppl~qls nlwoxp F

y� px zxnl qtmp log2 p + 5|F | yoqr y� wnx�opw qtl nlwoxp �nxz m ropwvl
uxopq op qtl nlwoxp� �tlnl�xnl o� F or ~xzuxrls x� g ~xppl~qls nlwoxpr� qtlp qtl ~xsopw vlpwqt or
g log2 p + 5|F | � �to~t ~mp yl rowpo|~mpqv� ylqqln qtmp rqmpsmns rumnrl ~xsopw vlpwqt x� |F | log2 p �

�tor l}mzuvl rtx�r qtmq qtl wlplnmv wnmut ~xsopw r~tlzl unlrlpqls tlnl �m�xnr ~xppl~qls
nlwoxpr �qtmq or� pxslr qtmq mnl wnx{uls qxwlqtln �oqt nlrul~q qx qtl wnmut rqn{~q{nl�� �p umnqo~{vmn�
oq unx�lr qtl �xvvx�opw zxnl wlplnmv nlr{vq�
ÿ�Á�Á�¿À¿Á¾ �ÃÄ åÍÛÏÌ Ò ÔßÒàÕ

Gæ ÉÕÏßÏ ÏâÍÈÉÈ Ò ÆÇÌÈÉÒÌÉ CG
ÈËÆÕ ÉÕÒÉ Ê Çß ÒÌã àßÇÑÒÑÍÓÍÉã ÎÍÈÉßÍ×ÑËÉÍÇÌ q ÇÌ G

Ö∑
v∈G q(v) = 1 ÒÌÎ q(v) ≥ 0 Ê Çß v ∈ G

Ùæ ÉÕÏ Ê ÇÓÓÇ�ÍÌÔ �ËÒÌÉÍÉã ÍÈ Ò ÆÇÎÍÌÔ ÓÏÌÔÉÕ
ÇÌ 2G �

cl(F ) = CG|F | −
g

∑

j=1

max
v∈Fj

log2 q(v),

²



�ÕÏßÏ F ⊂ 2G ÆÒÌ ÑÏ ÎÏÆÇáàÇÈÏÎ ÍÌÉÇ ÉÕÏ ËÌÍÇÌ ÇÊ g
ÆÇÌÌÏÆÉÏÎ ÆÇáàÇÌÏÌÉÈ F = ∪g

j=1Fj
Ý

�{n rozuvl mps r{yxuqozmv ~xsopw r~tlzl slr~noyls �xn qtl ozmwl unx~lrropw l}mzuvl wo�lr mp
{uuln yx{ps CG ≤ 1 + dG

� �tlnl dG
or qtl zm}oz{z slwnll x� G � �x�l�ln� �xn zmp� wnmutr� xpl

~mp ozunx�l qtor ~xprqmpq qx O(log dG) �oqt m rvowtqv� zxnl ~xzuvo~mqls mnw{zlpq�
�r m rozuvl muuvo~mqoxp x� wnmut ~xsopw� �l ~xprosln qtl rul~omv ~mrl �tlnl �l tm�l xpv� xpl

~xppl~qls ~xzuxplpq qtmq ~xpqmopr qtl rqmnqopw pxsl v0
� kl ~mp rozuv� vlq q(v0) = 1 � mps qtl

~xsopw vlpwqt or O(|F |) � �to~t or opslulpslpq x� qtl sozlproxpmvoq� p � �tor wlplnmvo�lr qtl rozovmn
~vmoz �xn qtl �lnx�qnll rqn{~q{nl slr~noyls lmnvoln�

�tl wnmut ~xsopw r~tlzl ~mp yl muunx}ozmqls �oqt yvx~  ~xsopw� �tl oslm or qx ~xprosln
nlvmqo�lv� rzmvv ro�ls ymrl yvx~ r ~xprorqls x� pxslr qtmq mnl ~vxrl qxwlqtln �oqt nlrul~q qx qtl
wnmut rqn{~q{nl� mps qtlp {rl qtl ops{~ls yvx~  ~xsopw r~tlzl qx muunx}ozmql qtl wnmut ~xsopw�

�xn l}mzuvl� �xn qtl unl�ox{rv� sor~{rrls ozmwl ~xsopw l}mzuvl� �l ~mp {rl ~xppl~qls yvx~ r
x� ro�l {uqx δ log2 p/5 mr ymrl yvx~ r x� B �δ > 0�� �op~l lm~t ymrl yvx~  ~mp yl lp~xsls �oqt
(1 + δ) log2 p

yoqr y� lmnvoln sor~{rroxp� �l  px� qtmq qtl qxqmv p{zyln x� ymrl yvx~ r ~mp yl px
zxnl qtmp p1+δ � kl ~mp wo�l lm~t x� r{~t yvx~ r m ~xsopw vlpwqt (1 + δ) log2 p � �xn m ~xppl~qls
nlwoxp F

qtmq ~mp yl ~x�lnls y� O(1 + |F |/ log2 p) x� r{~t yvx~ r� qtl ~xnnlruxpsopw yvx~  ~xsopw
vlpwqt �xn m r{yrlq F or cl(F ) = O(|F |+ log2 p) � �to~t or qtl rmzl mr qtl ~xzuvl}oq� x� qtl xnowopmv
wnmut ~xsopw vlpwqt �{u qx m ~xprqmpq�� �tor zlmpr qtmq wnmut ~xsopw vlpwqt ~mp yl muunx}ozmqls
�oqt yvx~  ~xsopw r~tlzl� �r �l tm�l uxopqls x{q� r{~t mp muunx}ozmqoxp or {rl�{v yl~m{rl qtl
vmqqln or nl�{onls op qtl rqn{~q{nls wnlls� mvwxnoqtz �to~t �l unxuxrl op qtor umuln�
�ïðñø� 	ûþñ óôïòóõîö
�lq zj ∈ {0, 1} yl m nmpsxz �mnomyvl �xn j ∈ I qtmq opso~mqlr �tlqtln j or rlvl~qls xn pxq� �tl zxrq
wlplnmv ~xsopw r~tlzl or qx ~xprosln m �xopq unxymyovoq� sorqnoy{qoxp x� z = [z1, . . . , zp]

� �tl ~xsopw
vlpwqt �xn F ~mp yl sl|pls mr − log2 p(z1, . . . , zp) �oqt zj = I(j ∈ F ) opso~mqopw �tlqtln j ∈ F xn
pxq��{~t m unxymyovoq� sorqnoy{qoxp ~mp x�qlp yl ~xp�lpolpqv� nlunlrlpqls mr m yopmn� nmpsxz |lvs
xp mp {pslnv�opw wnmut� �p xnsln qx lp~x{nmwl rumnroq�� xp m�lnmwl� qtl zmnwopmv unxymyovoq�
p(zj)

rtx{vs qm l � �oqt unxymyovoq� ~vxrl qx O(1/p) � rx qtmq qtl l}ul~qls p{zyln x� j ¯r �oqt
zj = 1 or O(1) � �xn sor~xppl~qls wnmutr �zj

mnl opslulpslpq�� qtl �mnomyvlr zj
mnl oos ©lnpx{vvo

nmpsxz �mnomyvlr �oqt unxymyovoq� 1/p
ylopw xpl� �p qtor ~mrl� qtl ~xsopw vlpwqt x� m rlq F or

|F | log2(p) − (p − |F |) log2(1 − 1/p) ≈ |F | log2(p) + 1 � �tor or lrrlpqomvv� qtl unxymyovoq� zxslv �xn
qtl rqmpsmns rumnroq� r~tlzl��p zmp� ~mrlr� oq or uxrroyvl qx muunx}ozmql m wlplnmv nmpsxz |lvs ~xsopw r~tlzl �oqt yvx~ 
~xsopw y� {ropw muunx}ozmqoxp zlqtxsr op qtl wnmuto~mv zxslv voqlnmq{nl� �x�l�ln� qtl slqmovr x�
r{~t muunx}ozmqoxpr mnl yl�xps qtl r~xul x� qtor umuln�


 �¤�fejdê¹ �fe ·dehidhe£g ·¸¥e¹jdº
�tl �xvvx�opw mvwxnoqtz or m pmq{nmv l}qlproxp x� L0

nlw{vmno�mqoxp qx rqn{~q{nls rumnroq� unxyvlzr��q ulpmvo�lr qtl ~xsopw ~xzuvl}oq� oprqlms x� qtl ~mnsopmvoq� �rumnroq�� x� qtl �lmq{nl rlq�

β̂constr = arg min
β∈Rp

Q̂(β) r{y�l~q qx c(β) ≤ s. ���





�vqlnpmqo�lv�� �l zm� ~xprosln qtl �xnz{vmqoxp
β̂pen = arg min

β∈Rp

[

Q̂(β) + λc(β)
]

. ���
�tl xuqozo�mqoxp x� loqtln ��� xn ��� or wlplnmvv� tmns� �xn nlvmqls unxyvlzr� qtlnl mnl q�x

~xzzxp muunxm~tlr qx mvvl�omql qtor so�~{vq�� �pl or ~xp�l} nlvm}mqoxp �L1
nlw{vmno�mqoxp qx

nluvm~l L0
nlw{vmno�mqoxp �xn rqmpsmns rumnroq��° qtl xqtln or �xn�mns wnlls� rlvl~qoxp �mvrx ~mvvls

xnqtxwxpmv zmq~topw u{nr{oq xn ����� kl sx pxq  px� mp� l}qlproxpr x� L1
nlw{vmno�mqoxp vo l

~xp�l} nlvm}mqoxp qtmq ~mp tmpsvl wlplnmv rqn{~q{nls rumnroq� �xnz{vmqoxpr� �x�l�ln� xpl ~mp
l}qlps wnlls� mvwxnoqtz y� {ropw m yvx~  rqn{~q{nl� kl ~mvv qtl nlr{vqopw unx~ls{nl rqn{~q{nls
wnlls� mvwxnoqtz xn �qn{~q���� �to~t ~mp muunx}ozmqlv� rxv�l ����kl tm�l sor~{rrls qtl nlvmqoxprtou x� qtor wnlls� mvwxnoqtz mps yvx~  ~xsopw op �l~qoxp ¨� �q or
ozuxnqmpq qx {pslnrqmps qtmq qtl yvx~  rqn{~q{nl or xpv� {rls qx vozoq qtl rlmn~t rum~l op qtl wnlls�
mvwxnoqtz� �tl m~q{mv ~xsopw r~tlzl sxlr pxq tm�l qx yl qtl ~xnnlruxpsopw yvx~  ~xsopw� �x�l�ln�
x{n qtlxnlqo~mv mpmv�ror mrr{zlr qtmq qtl {pslnv�opw ~xsopw r~tlzl ~mp yl muunx}ozmqls �oqt yvx~ 
~xsopw {ropw ymrl yvx~ r lzuvx�ls op qtl wnlls� mvwxnoqtz� �vqtx{wt xpl sxlr pxq plls qx  px�qtl rul~o|~ muunx}ozmqoxp op xnsln qx {rl qtl wnlls� mvwxnoqtz�  px�opw oqr l}orqlp~l ��to~t ~mpyl rtx�p �xn qtl l}mzuvlr sor~{rrls op �l~qoxp ¨� w{mnmpqllr qtl l±l~qo�lplrr x� qtl mvwxnoqtz� �q
or mvrx {rl�{v qx {pslnrqmps qtmq x{n nlr{vq sxlr pxq ozuv� qtmq qtl mvwxnoqtz �xp q̄ yl l±l~qo�l o�
qtl m~q{mv ~xsopw r~tlzl ~mppxq yl muunx}ozmqls y� yvx~  ~xsopw�

�pu{q� (X,y) � B ⊂ 2I � s > 0�{qu{q� F (k) mps β(k)

vlq F (0) = ∅ mps β(0) = 0�Á� k = 1, 2, . . .rlvl~q B(k) ∈ B qx zm}ozo�l unxwnlrr (∗)vlq F (k) = B(k) ∪ F (k−1)

vlq β(k) = arg minβ∈Rp Q̂(β) r{y�l~q qx supp(β) ⊂ F (k)¿� �c(β(k)) > s� ��¼��¼¾�
�ow{nl �� �qn{~q{nls �nlls� �vwxnoqtz

�p �ow{nl �� �l mnl wo�lp m rlq x� yvx~ r B qtmq ~xpqmopr r{yrlqr x� I � �prqlms x� rlmn~topw mvv
r{yrlqr F ⊂ I {u qx m ~lnqmop ~xzuvl}oq� |F |+ c(F ) � �to~t or ~xzu{qmqoxpmvv� op�lmroyvl� �l rlmn~t
xpv� qtl yvx~ r nlrqno~qls qx B � �q or mrr{zls qtmq rlmn~topw x�ln B or ~xzu{qmqoxpmvv� zmpmwlmyvl�

�q lm~t rqlu (∗) � �l qn� qx |ps m yvx~  �nxz B qx zm}ozo�l unxwnlrr� �q or qt{r pl~lrrmn� qx
sl|pl m �{mpqoq� qtmq zlmr{nlr unxwnlrr� �{n oslm or qx muunx}ozmqlv� zm}ozo�l qtl wmop nmqox�

λ(k) =
Q̂(β(k−1)) − Q̂(β(k))

c(β(k)) − c(βk−1)
,

�to~t zlmr{nlr qtl nls{~qoxp x� xy�l~qo�l �{p~qoxp uln {poq op~nlmrl x� ~xsopw ~xzuvl}oq�� �tor
wnlls� ~noqlnoxp or m pmq{nmv wlplnmvo�mqoxp x� qtl rqmpsmns wnlls� mvwxnoqtz� mps lrrlpqomv op x{n
mpmv�ror� �xn vlmrq r�{mnlr nlwnlrroxp� �l ~mp muunx}ozmql λ(k) {ropw qtl �xvvx�opw sl|poqoxp

φ(B) =
‖PB−F (k−1)(Xβ(k−1) − y)‖2

2

c(B ∪ F (k−1)) − c(F (k−1))
, ���

®



�tlnl
PF = XF (X>

F XF )−1X>
F

or qtl unx�l~qoxp zmqno} qx qtl r{yrum~lr wlplnmqls y� ~xv{zpr x� XF
� kl qtlp rlvl~q B(k) rx qtmq

φ(B(k)) ≥ γ max
B∈B

φ(B),

�tlnl γ ∈ (0, 1] or m |}ls muunx}ozmqoxp nmqox qtmq rul~o|lr qtl �{mvoq� x� muunx}ozmql xuqozo�mqoxp�
�vqlnpmqo�lv�� �l zm� {rl m rozuvln sl|poqoxp

φ̃(B) =
‖X>

B−F (k−1)(Xβ(k−1) − y)‖2
2

c(B ∪ F (k−1)) − c(F (k−1))
,

�to~t or lmroln qx ~xzu{ql� lrul~omvv� �tlp yvx~ r mnl x�lnvmuuopw� �op~l qtl nmqox

‖X>
B−F (k−1)r‖2

2/‖PB−F (k−1)r‖2
2

or yx{psls ylq�llp ρ+(B) mps ρ−(B) �qtlrl �{mpqoqolr mnl sl|pls op �l|poqoxp ³���� �l  px� qtmq
zm}ozo�opw φ̃(B) �x{vs vlms qx muunx}ozmql zm}ozo�mqoxp x� φ(B) �oqt γ ≥ ρ−(B)/ρ+(B) ��xql qtmq �l rtmvv owpxnl B ∈ B r{~t qtmq B ⊂ F (k−1) � mps �{rq vlq qtl ~xnnlruxpsopw wmop qx yl
0 � �xnlx�ln� o� qtlnl l}orqr m ymrl yvx~  B 6⊂ F (k−1) y{q

c(B ∪ F (k−1)) ≤ c(F (k−1)) � �l ~mp mv�m�r
rlvl~q B mps vlq F (k) = B ∪ F (k−1) �qtor or yl~m{rl oq or mv�m�r ylpl|~omv qx mss zxnl �lmq{nlr
opqx F (k) �oqtx{q mssoqoxpmv ~xsopw ~xzuvl}oq��� kl mrr{zl qtor rqlu or mv�m�r uln�xnzls o� r{~t
m B ∈ B l}orqr� �tl pxp�qno�omv ~mrl or c(B ∪ F (k−1)) > c(F (k−1))

�xn mvv B ∈ B ° op qtor ~mrl yxqt
φ(B) mps φ̃(B) mnl �lvv sl|pls�

� �£feº f� ·dehidhe£g ·¸¥e¹jdº
��� �óóù�ôîõøðó
kl mrr{zl r{y��m{rromp pxorl mr �xvvx�r�
������À¿Á¾ �ÃÄ ÅÈÈËáÏ ÉÕÒÉ {yi}i=1,...,n

ÒßÏ ÍÌÎÏàÏÌÎÏÌÉ ÖÑËÉ ÌÇÉ ÌÏÆÏÈÈÒßÍÓã ÍÎÏÌÉÍÆÒÓÓã ÎÍÈ×ÉßÍÑËÉÏÎÙ ÈËÑ×åÒËÈÈÍÒÌÈ� ÉÕÏßÏ ÏâÍÈÉÈ Ò ÆÇÌÈÉÒÌÉ σ ≥ 0 ÈËÆÕ ÉÕÒÉ ∀i ÒÌÎ ∀t ∈ Ræ
Eyi

et(yi−Eyi) ≤ eσ2t2/2.

©xqt �m{rromp mps yx{psls nmpsxz �mnomyvlr mnl r{y��m{rromp {ropw qtl myx�l sl|poqoxp� �xn
l}mzuvl� o� m nmpsxz �mnomyvl ξ ∈ [a, b] � qtlp

Eξe
t(ξ−Eξ) ≤ e(b−a)2t2/8 � �� m nmpsxz �mnomyvl or

�m{rromp� ξ ∼ N(0, σ2) � qtlp
Eξe

tξ ≤ eσ2t2/2 �
�tl �xvvx�opw unxulnq� x� r{y��m{rromp pxorl or ozuxnqmpq op x{n mpmv�ror� �{n rozuvl unxx�

�olvsr m r{y�xuqozmv ~txo~l x� qtl ~xprqmpqr�
ÿ�Á�Á�¿À¿Á¾ �ÃÄ �ÏÉ P ∈ R

n×n ÑÏ Ò àßÇ� ÏÆÉÍÇÌ áÒÉßÍâ ÇÊ ßÒÌë
k æ ÒÌÎ y

ÈÒÉÍÈÐ ÏÈ ÅÈÈËáàÉÍÇÌ  Ý!ÝÞÕÏÌ ÊÇß ÒÓÓ η ∈ (0, 1)æ �ÍÉÕ àßÇÑÒÑÍÓÍÉã ÓÒßÔÏß ÉÕÒÌ 1 − η �

‖P (y − Ey)‖2
2 ≤ σ2[7.4k + 2.7 ln(2/η)].

�µ



kl mvrx plls qx wlplnmvo�l rumnrl lowlp�mv{l ~xpsoqoxp� {rls op qtl zxslnp rumnroq� mpmv�ror��q or nlvmqls qx �mps �lm ln qtmp� qtl "�� �nlrqno~qls orxzlqn� unxulnq�� mrr{zuqoxp �³� op qtl
~xzunlrro�l rlpropw voqlnmq{nl� �tor sl|poqoxp qm lr ms�mpqmwl x� ~xsopw ~xzuvl}oq�� mps ~mp yl
mvrx ~xproslnls mr �m �lm ln �lnroxp x� � rqn{~q{nls "��� kl opqnxs{~l m sl|poqoxp�
»¼½¾¿À¿Á¾ �ÃÄ #Çß ÒÓÓ F ⊂ {1, . . . , p}æ ÎÏÐÌÏ

ρ−(F ) = inf

{

1

n
‖Xβ‖2

2/‖β‖2
2 : supp(β) ⊂ F

}

,

ρ+(F ) = sup

{

1

n
‖Xβ‖2

2/‖β‖2
2 : supp(β) ⊂ F

}

.

$ÇßÏÇÛÏßæ Ê Çß ÒÓÓ s > 0æ ÎÏÐÌÏ
ρ−(s) = inf{ρ−(F ) : F ⊂ I, c(F ) ≤ s},
ρ+(s) = sup{ρ+(F ) : F ⊂ I, c(F ) ≤ s}.

�p qtl qtlxnlqo~mv mpmv�ror� �l plls qx mrr{zl qtmq ρ−(s) or pxq qxx rzmvv �xn rxzl s
qtmq or

vmnwln qtmp qtl rowpmv ~xzuvl}oq�� �op~l �l xpv� ~xprosln lowlp�mv{lr �xn r{yzmqno~lr �oqt rzmvv
~xrq c(β̄) � qtl rumnrl lowlp�mv{l ρ−(s) ~mp yl rowpo|~mpqv� vmnwln qtmp qtl ~xnnlruxpsopw nmqox �xn
rqmpsmns rumnroq� ��to~t �ovv ~xprosln mvv r{yrlqr x� {1, . . . , p} {u qx ro�l s�� �xn l}mzuvl� �xn nmpsxz
unx�l~qoxpr {rls op ~xzunlrro�l rlpropw muuvo~mqoxpr� qtl ~xsopw vlpwqt c(supp(β̄)) or O(k ln p) op
rqmpsmns rumnroq�� y{q ~mp yl mr vx� mr c(supp(β̄)) = O(k) op rqn{~q{nls rumnroq� �o� �l ~mp w{lrr
supp(β̄) muunx}ozmqlv� ~xnnl~qv�� �tlnl�xnl oprqlms x� nl�{onopw n = O(k ln p) rmzuvlr� �l nl�{onlr
xpv� O(k + cl(supp(β̄))) � �tl so±lnlp~l ~mp yl rowpo|~mpq �tlp p or vmnwl mps qtl ~xsopw vlpwqt
cl(supp(β̄)) � k ln p � �p l}mzuvl �xn qtor or wnx{u rumnroq�� �tlnl �l tm�l p/k0

l�lp ro�ls wnx{ur�
mps �mnomyvlr op lm~t wnx{u mnl roz{vqmplx{rv� �lnx xn pxp�lnx� �tl ~xsopw vlpwqt x� qtl wnx{ur
mnl (k/k0) ln(p/k0)

� �to~t or rowpo|~mpqv� rzmvvln qtmp k ln p �tlp p or vmnwl��xnl unl~orlv�� �l tm�l qtl �xvvx�opw nmpsxz unx�l~qoxp rmzuvl ~xzuvl}oq� yx{ps �xn qtl rqn{~�q{nls rumnrl lowlp�mv{l ~xpsoqoxp� �tl qtlxnlz ozuvolr qtmq qtl rqn{~q{nls "�� ~xpsoqoxp or rmqor|ls
�oqt rmzuvl ro�l n = O((k/k0) ln(p/k0))

op wnx{u rumnroq� nmqtln qtmp n = O(k ln(p)) op rqmpsmns
rumnroq�� �tlnl�xnl �tlxnlz ³�� rtx�r qtmq op qtl ~xzunlrro�l rlpropw muuvo~mqoxpr� oq or uxrroyvl
qx nl~xprqn{~q rowpmvr �oqt �l�ln p{zyln x� nmpsxz unx�l~qoxpr y� {ropw wnx{u rumnroq� �xn zxnl
wlplnmv rqn{~q{nls rumnroq���
%&¼Á�¼� �ÃÄ '(À��)À��¼�*+,ÿ- .ËààÇÈÏ ÉÕÒÉ ÏÓÏáÏÌÉÈ ÍÌ X ÒßÏ ÍÍÎ ÈÉÒÌÎÒßÎ åÒËÈÈÍÒÌ ßÒÌÎÇáÛÒßÍÒÑÓÏÈ N(0, 1)

Ý #Çß ÒÌã t > 0 ÒÌÎ δ ∈ (0, 1)æ ÓÏÉ

n ≥ 8

δ2
[ln 3 + t + s ln(1 + 8/δ)].

ÞÕÏÌ �ÍÉÕ àßÇÑÒÑÍÓÍÉã ÒÉ ÓÏÒÈÉ 1−e−t æ ÉÕÏ ßÒÌÎÇá áÒÉßÍâ X ∈ R
n×p ÈÒÉÍÈÐ ÏÈ ÉÕÏ ÊÇÓÓÇ�ÍÌÔ ÈÉßËÆÉËßÏÎ×/01 ÍÌÏ�ËÒÓÍÉã Ê Çß ÒÓÓ ÛÏÆÉÇß β̄ ∈ R

p �ÍÉÕ ÆÇÎÍÌÔ ÆÇáàÓÏâÍÉã ÌÇ áÇßÏ ÉÕÒÌ s �

(1 − δ)‖β̄‖2 ≤ 1√
n
‖Xβ̄‖2 ≤ (1 + δ)‖β̄‖2.

�̈ �

�vqtx{wt op qtl qtlxnlz� �l mrr{zl �m{rromp nmpsxz zmqno} op xnsln qx rqmql l}uvo~oq ~xprqmpqr�
oq or ~vlmn qtmq rozovmn nlr{vqr txvs �xn xqtln r{y��m{rromp nmpsxz zmqno~lr�

��



��2 3øñõð4 üø�ôþû5õîö òû4ùþïòõ6ïîõøð
�tl �xvvx�opw nlr{vq wo�lr m uln�xnzmp~l yx{ps �xn ~xprqnmopls ~xsopw ~xzuvl}oq� nlw{vmno�mqoxp�
%&¼Á�¼� �Ãä .ËààÇÈÏ ÉÕÒÉ ÅÈÈËáàÉÍÇÌ  Ý! ÍÈ ÛÒÓÍÎÝ 7ÇÌÈÍÎÏß ÒÌã ÐâÏÎ ÉÒßÔÏÉ β̄ ∈ R

p Ý ÞÕÏÌ �ÍÉÕ
àßÇÑÒÑÍÓÍÉã ÏâÆÏÏÎÍÌÔ 1 − η æ Ê Çß ÒÓÓ ε ≥ 0 ÒÌÎ β̂ ∈ R

p ÈËÆÕ ÉÕÒÉ� Q̂(β̂) ≤ Q̂(β̄) + εæ �Ï ÕÒÛÏ
‖Xβ̂ − Ey‖2 ≤ ‖Xβ̄ − Ey‖2 + σ

√

2 ln(6/η) + 2(7.4σ2c(β̂) + 4.7σ2 ln(6/η) + ε)1/2.

$ÇßÏÇÛÏßæ ÍÊ ÉÕÏ ÆÇÎÍÌÔ ÈÆÕÏáÏ c(·) ÍÈ ÈËÑ×ÒÎÎÍÉÍÛÏæ ÉÕÏÌ

nρ−(c(β̂) + c(β̄))‖β̂ − β̄‖2
2 ≤ 10‖Xβ̄ − Ey‖2

2 + 37σ2c(β̂) + 29σ2 ln(6/η) + 2.5ε.

�tor qtlxnlz ozzlsomqlv� ozuvolr qtl �xvvx�opw nlr{vq �xn ���� ∀β̄ r{~t qtmq c(β̄) ≤ s �
1√
n
‖Xβ̂constr − Ey‖2 ≤ 1√

n
‖Xβ̄ − Ey‖2 +

σ√
n

√

2 ln(6/η) +
2σ√

n
(7.4s + 4.7 ln(6/η))1/2 ,

‖β̂constr − β̄‖2
2 ≤ 1

ρ−(s + c(β̄))n

[

10‖Xβ̄ − Ey‖2
2 + 37σ2s + 29σ2 ln(6/η)

]

.

�xql qtmq �l wlplnmvv� l}ul~q ρ−(s + c(β̄)) = O(1) � �tl nlr{vq ozzlsomqlv� ozuvolr qtmq mr rmzuvl
ro�l n → ∞ mps s/n → 0 � qtl nxxq zlmp r�{mnls lnnxn unlso~qoxp uln�xnzmp~l ‖Xβ̂ − Ey‖2/

√
n~xp�lnwlr qx qtl xuqozmv unlso~qoxp uln�xnzmp~l infc(β̄)≤s ‖Xβ̄ − Ey‖2/

√
n� �tor nlr{vq or mwpxrqo~

op qtmq l�lp o� ‖Xβ̄−Ey‖2/
√

n or vmnwl� qtl nlr{vq or rqovv zlmpopw�{v yl~m{rl oq rm�r qtl uln�xnzmp~l
x� qtl lrqozmqxn β̂ or ~xzulqoqo�l qx qtl ylrq uxrroyvl lrqozmqxn op qtl ~vmrr c(β̄) ≤ s ��p ~xzunlrro�l rlpropw muuvo~mqoxpr� �l qm l σ = 0 � mps �l mnl opqlnlrqls op nl~x�lnopw β̄�nxz nmpsxz unx�l~qoxpr� �xn rozuvo~oq�� �l vlq Xβ̄ = Ey = y

� mps x{n nlr{vq rtx�r qtmq qtl
~xprqnmopls ~xsopw ~xzuvl}oq� ulpmvo�mqoxp zlqtxs m~tol�lr l}m~q nl~xprqn{~qoxp β̂constr = β̄ mr
vxpw mr ρ−(2c(β̄)) > 0 �y� rlqqopw s = c(β̄)�� �~~xnsopw qx �tlxnlz ³��� qtor or uxrroyvl �tlp
qtl p{zyln x� nmpsxz unx�l~qoxpr �rmzuvl ro�l� nlm~tlr n = O(c(β̄)) � �tor or m wlplnmvo�mqoxp x�
~xnnlruxpsopw nlr{vqr op ~xzunlrro�l rlpropw �³�� �r �l tm�l uxopqls x{q lmnvoln� qtor p{zyln ~mpyl rowpo|~mpqv� rzmvvln qtmp qtl rqmpsmns rumnroq� nl�{onlzlpq x� n = O(‖β̄‖0 ln p) � o� qtl rqn{~q{nl
ozuxrls op qtl �xnz{vmqoxp or zlmpopw�{v��ozovmn qx �tlxnlz ³��� �l ~mp xyqmop qtl �xvvx�opw nlr{vq �xn ���� � nlvmqls nlr{vq �xn rqmpsmns
rumnroq� {psln �m{rromp pxorl ~mp yl �x{ps op �¬��
%&¼Á�¼� �ÃÂ .ËààÇÈÏ ÉÕÒÉ ÅÈÈËáàÉÍÇÌ  Ý! ÍÈ ÛÒÓÍÎÝ 7ÇÌÈÍÎÏß ÒÌã ÐâÏÎ ÉÒßÔÏÉ β̄ ∈ R

p Ý ÞÕÏÌ �ÍÉÕ
àßÇÑÒÑÍÓÍÉã ÏâÆÏÏÎÍÌÔ 1 − η æ Ê Çß ÒÓÓ λ > 7.4σ2 ÒÌÎ a ≥ 7.4σ2/(λ − 7.4σ2)æ �Ï ÕÒÛÏ

‖Xβ̂pen − Ey‖2
2 ≤ (1 + a)2‖Xβ̄ − Ey‖2

2 + (1 + a)λc(β̄) + σ2(10 + 5a + 7a−1) ln(6/η).

ªpvo l qtl nlr{vq �xn ���� qtl unlso~qoxp uln�xnzmp~l ‖Xβ̂pen − Ey‖2
x� qtl lrqozmqxn op ��� or

~xzulqoqo�l qx (1 + a)‖Xβ̄ − Ey‖2
� �to~t or m ~xprqmpq �m~qxn vmnwln qtmp qtl xuqozmv unlso~qoxp

uln�xnzmp~l ‖Xβ̄ − Ey‖2
� ©� xuqozo�opw λ mps a � oq or uxrroyvl qx xyqmop m rozovmn nlr{vq mr qtmq

x� �tlxnlz ³��� �x�l�ln� qtor nl�{onlr q{popw λ � �to~t or pxq mr ~xp�lpolpq mr q{popw s op ����
�xql qtmq yxqt nlr{vqr unlrlpqls tlnl� mps qtxrl op �¬� mnl r{ulnoxn qx qtl zxnl qnmsoqoxpmv vlmrq
r�{mnlr nlwnlrroxp nlr{vqr �oqt |}ls λ � �tor or yl~m{rl xpl ~mp xpv� xyqmop qtl �xnz unlrlpqls op
�tlxnlz ³�� y� q{popw λ � �tlnl�xnl nlr{vqr �oqt |}ls λ mnl pxq r{oqmyvl �xn nlmv muuvo~mqoxpr�

��



��8 íîòùüîùòûñ 4òûûñö ïþ4øòõîý�
kl rtmvv opqnxs{~l m sl|poqoxp yl�xnl rqmqopw x{n zmop nlr{vqr�
»¼½¾¿À¿Á¾ �Ãä åÍÛÏÌ B ⊂ 2I æ ÎÏÐÌÏ

ρ0(B) = max
B∈B

ρ+(B), c0(B) = max
B∈B

c(B)

ÒÌÎ
c(β̄,B) = min







b
∑

j=1

c(B̄j) : supp(β̄) ⊂
b

⋃

j=1

B̄j (B̄j ∈ B)







.

�tl �xvvx�opw qtlxnlz rtx�r qtmq o� c(β̄,B) or rzmvv� qtlp xpl ~mp {rl qtl rqn{~q{nls wnlls� mvwx�noqtz qx |ps m ~xl�~olpq �l~qxn β(k) qtmq or ~xzulqoqo�l qx β̄ � mps qtl ~xsopw ~xzuvl}oq� c(β(k)) or
pxq z{~t �xnrl qtmp qtmq x� c(β̄,B) � �tor ozuvolr qtmq o� qtl xnowopmv ~xsopw ~xzuvl}oq� c(β̄) ~mpyl muunx}ozmqls y� yvx~  ~xzuvl}oq� c(β̄,B) � qtlp �l ~mp muunx}ozmqlv� rxv�l ����
%&¼Á�¼� �Ã� .ËààÇÈÏ ÉÕÏ ÆÇÎÍÌÔ ÈÆÕÏáÏ ÍÈ ÈËÑ×ÒÎÎÍÉÍÛÏÝ 7ÇÌÈÍÎÏß β̄ ÒÌÎ ε ÈËÆÕ ÉÕÒÉ

ε ∈ (0, ‖y‖2
2 − ‖Xβ̄ − y‖2

2]

ÒÌÎ
s ≥ ρ0(B)c(β̄,B)

γρ−(s + c(β̄))
ln

‖y‖2
2 − ‖Xβ̄ − y‖2

2

ε
.

ÞÕÏÌ ÒÉ ÉÕÏ ÈÉÇààÍÌÔ ÉÍáÏ k æ �Ï ÕÒÛÏ
Q̂(β(k)) ≤ Q̂(β̄) + ε.

©� �tlxnlz ³��� qtl nlr{vq op �tlxnlz ³�̈ ozuvolr qtmq

‖Xβ(k) − Ey‖2 ≤ ‖Xβ̄ − Ey‖2 + σ
√

2 ln(6/η) + 2σ(7.4(s + c0(B)) + 4.7 ln(6/η) + ε/σ2)1/2,

‖β(k) − β̄‖2
2 ≤ 1

ρ−(s + c0(B) + c(β̄))n

[

10‖Xβ̄ − Ey‖2
2 + 37σ2(s + c0(B)) + 29σ2 ln(6/η) + 2.5ε

]

.

�tl nlr{vq rtx�r qtmq op xnsln qx muunx}ozmql m rowpmv β̄ {u qx m~~{nm~� ε � xpl pllsr qx {rl
~xsopw ~xzuvl}oq� O(ln(1/ε))c(β̄,B) � �� B ~xpqmopr rzmvv yvx~ r mps qtlon r{y�yvx~ r �oqt l�{mv
~xsopw vlpwqt� mps qtl ~xsopw r~tlzl or yvx~  ~xsopw wlplnmqls y� B � qtlp c(β̄,B) = c(β̄) � �p qtor
~mrl �l plls O(s ln(1/ε))

qx muunx}ozmql m rowpmv �oqt ~xsopw ~xzuvl}oq� s ��p xnsln qx wlq nos x� qtl O(ln(1/ε))
�m~qxn� ym~ �mns wnlls� rqnmqlwolr ~mp yl lzuvx�ls� mr

rtx�p op �mnox{r nl~lpq �xn  r{~t mr ��³�� �xn rozuvo~oq�� �l �ovv pxq mpmv��l r{~t rqnmqlwolr op qtor
umuln� �x�l�ln� op qtl �xvvx�opw� �l unlrlpq mp mssoqoxpmv ~xp�lnwlp~l nlr{vq �xn rqn{~q{nls wnlls�
mvwxnoqtz qtmq ~mp yl muuvols qx �lm v� rumnrl p�~xzunlrroyvl rowpmvr ~xzzxp op unm~qo~l� �q or
rtx�p qtmq qtl ln(1/ε) ~mp yl nlzx�ls �xn r{~t �lm v� rumnrl rowpmvr�
%&¼Á�¼� �Ã9 .ËààÇÈÏ ÉÕÏ ÆÇÎÍÌÔ ÈÆÕÏáÏ ÍÈ ÈËÑ×ÒÎÎÍÉÍÛÏÝ åÍÛÏÌ Ò ÈÏ�ËÏÌÆÏ ÇÊ ÉÒßÔÏÉÈ β̄j

ÈËÆÕ ÉÕÒÉ
Q̂(β̄0) ≤ Q̂(β̄1) ≤ · · · ÒÌÎ c(β̄j ,B) ≤ c(β̄0,B)/2j Ý 0Ê

s ≥ ρ0(B)

γ minj ρ−(s + c(β̄j))
c(β̄0,B)



3.4 +

∞
∑

j=0

2−j ln
Q̂(β̄j+1) − Q̂(β̄0) + ε

Q̂(β̄j) − Q̂(β̄0) + ε





��



Ê Çß ÈÇáÏ ε > 0
Ý ÞÕÏÌ ÒÉ ÉÕÏ ÈÉÇààÍÌÔ ÉÍáÏ k æ �Ï ÕÒÛÏ

Q̂(β(k)) ≤ Q̂(β̄0) + ε.

�p qtl myx�l qtlxnlz� �l ~mp rll qtmq o� qtl rowpmv or xpv� �lm v� rumnrl� op qtmq (Q̂(β̄j+1) −
Q̂(β̄0) + ε)/(Q̂(β̄j) − Q̂(β̄0) + ε) wnx�r r{y�l}uxplpqomvv� op j � qtlp �l ~mp ~txxrl s = O(c(β̄0,B)) ��tor zlmpr qtmq �l ~mp |ps β(k) x� ~xzuvl}oq� s = O(c(β̄0,B))

qx muunx}ozmql m rowpmv β̄0
� �tl

�xnrq ~mrl r~lpmnox or �tlp Q̂(β̄1) ≈ Q̂(0) � �to~t nls{~lr qx qtl s = O(c(β̄0,B) log(1/ε)) ~xzuvl}oq�
op �tlxnlz ³�̈ �

�r mp muuvo~mqoxp� �l opqnxs{~l qtl �xvvx�opw ~xp~luq x� �lm v� rumnrl ~xzunlrroyvl qmnwlq
qtmq wlplnmvo�lr qtl ~xnnlruxpsopw ~xp~luq x� ~xzunlrroyvl rowpmv op rqmpsmns rumnroq� �nxz qtl
~xzunlrro�l rlpropw voqlnmq{nl �®��
»¼½¾¿À¿Á¾ �ÃÂ ÞÕÏ ÉÒßÔÏÉ Ey

ÍÈ (a, q)×ÆÇáàßÏÈÈÍÑÓÏ �ÍÉÕ ßÏÈàÏÆÉ ÉÇ ÑÓÇÆë B ÍÊ ÉÕÏßÏ ÏâÍÈÉ ÆÇÌÈÉÒÌÉÈ
a, q > 0 ÈËÆÕ ÉÕÒÉ Ê Çß ÏÒÆÕ

s > 0æ ∃β̄(s) ÈËÆÕ ÉÕÒÉ c(β̄(s),B) ≤ s ÒÌÎ
1

n
‖Xβ̄(s) − Ey‖2

2 ≤ as−q.

:Á�Á;;��< �ÃÄ .ËààÇÈÏ ÉÕÒÉ ÉÕÏ ÉÒßÔÏÉ ÍÈ (a, q)×ÆÇáàßÏÈÈÍÑÓÏ �ÍÉÕ ßÏÈàÏÆÉ ÉÇB Ý ÞÕÏÌ �ÍÉÕ àßÇÑÒÑÍÓÍÉã
1 − η æ ÒÉ ÉÕÏ ÈÉÇààÍÌÔ ÉÍáÏ k æ �Ï ÕÒÛÏ

Q̂(β(k)) ≤ Q̂(β̄(s′)) + 2na/s′q + 2σ2[ln(2/η) + 1],

�ÕÏßÏ
s′ ≤ s γ

(10 + 3q)ρ0(B)
min
u≤s′

ρ−(s + c(β̄(u))).

�� �l mrr{zl qtl {pslnv�opw ~xsopw r~tlzl or yvx~  ~xsopw wlplnmqls y� B � qtlp minu≤s′ ρ−(s +
c(β̄(u))) ≤ ρ−(s + s′) � �tl ~xnxvvmn� rtx�r qtmq �l ~mp muunx}ozmql m ~xzunlrroyvl rowpmv x�
~xzuvl}oq� s′ �oqt ~xzuvl}oq� s = O(qs′) {ropw wnlls� mvwxnoqtz� �tor zlmpr qtl wnlls� mvwxnoqtz
xyqmopr xuqozmv nmql �xn �lm v��rumnrl ~xzunlrroyvl rowpmvr� �tl rmzuvl ~xzuvl}oq� r{±lnr xpv� m
~xprqmpq �m~qxn O(q) � �xzyopl qtor nlr{vq �oqt �tlxnlz ³��� mps qm l {poxp yx{ps� �l tm�l �oqt
unxymyovoq� 1 − 2η � mq rqxuuopw qozl k �

1√
n
‖Xβ(k) − Ey‖2 ≤

√

a

s′q
+ σ

√

2 ln(6/η)

n
+ 2σ

√

7.4(s + c0(B)) + 6.7 ln(6/η)

n
+

2a

σ2s′q
,

‖β(k) − β̄(s′)‖2
2 ≤ 1

ρ−(s + s′ + c0(B))

[

15a

s′q
+

37σ2(s + c0(B)) + 34σ2 ln(6/η)

n

]

.

�o�lp m |}ls n � �l ~mp xyqmop m ~xp�lnwlp~l nlr{vq y� ~txxropw s �mps qt{r s′� qx xuqozo�l qtl nowtq
tmps rosl� �tl nlr{vqopw nmql or xuqozmv �xn qtl rul~omv ~mrl x� rqmpsmns rumnroq�� �to~t ozuvolr qtmq
qtl yx{ps tmr qtl xuqozmv �xnz �xn rqn{~q{nls q�~xzunlrroyvl qmnwlqr� �p umnqo~{vmn� op ~xzunlrro�l
rlpropw muuvo~mqoxpr �tlnl σ = 0 � �l xyqmop �tlp rmzuvl ro�l nlm~tlr n = O(qs′) � qtl nl~xprqn{~qoxp
uln�xnzmp~l or

‖β̄(k) − β̄‖2
2 = O(a/s′q),

�to~t zmq~tlr qtmq x� qtl ~xprqnmopls ~xsopw ~xzuvl}oq� nlw{vmno�mqoxp zlqtxs op ��� {u qx m
~xprqmpq

O(q) � �op~l zmp� nlmv smqm op�xv�l �lm v� rumnrl rowpmvr� x{n nlr{vq unx�oslr rqnxpw
qtlxnlqo~mv �{rqo|~mqoxp �xn qtl {rl x� ��� op r{~t unxyvlzr� �{n l}ulnozlpqr mnl ~xprorqlpq �oqt
qtl qtlxn��

�¨



= èé¸£ejê£cd¹
�tl u{nuxrl x� qtlrl l}ulnozlpqr or qx slzxprqnmql qtl ms�mpqmwl x� rqn{~q{nls rumnroq� x�ln
rqmpsmns rumnroq�� kl ~xzumnl qtl unxuxrls �qn{~q��� qx ��� mps �mrrx� �to~t mnl rqmpsmns
mvwxnoqtzr qx m~tol�l rumnroq� y{q �oqtx{q ~xproslnopw rqn{~q{nl� �p x{n l}ulnozlpqr� �l {rl �mrrx�zxso|ls vlmrq mpwvl nlwnlrroxp ����«�mrrx� mr qtl rxv�ln x� �mrrx �̈ �� kl mvrx ~xzumnl �qn{~q���
�oqt wnx{u �mrrx ��¬� ��� �p xnsln qx �{mpqoqmqo�lv� ~xzumnl uln�xnzmp~l x� so±lnlpq mvwxnoqtzr�
�l {rl nl~x�ln� lnnxn� sl|pls mr qtl nlvmqo�l so±lnlp~l op ��pxnz ylq�llp qtl lrqozmqls rumnrl
~xl�~olpq �l~qxn β̂est

mps qtl wnx{ps�qn{qt rumnrl ~xl�~olpq
β̄ � ‖β̂est− β̄‖2/‖β̄‖2

� �{n l}ulnozlpqr�x~{r xp wnmut rumnroq�� �oqt rl�lnmv so±lnlpq {pslnv�opw wnmut rqn{~q{nlr� �xql qtmq wnmut rumnroq�
or zxnl wlplnmv qtmp wnx{u rumnroq�° op �m~q ~xppl~qls nlwoxpr zm� yl nlwmnsls mr s�pmzo~ wnx{ur
qtmq mnl pxq unl�sl|pls�
>�� íõ�ùþïîûñ �? íõ4ðïþó @õîý AõðûBíîòùüîùòûñ íôïòóõîö
�p qtl |nrq l}ulnozlpq� �l nmpsxzv� wlplnmql m 1D rqn{~q{nls rumnrl rowpmv �oqt �mv{lr ±1 � �tlnl
p = 512 � k = 64 mps g = 4 � �tl r{uuxnq rlq x� qtlrl rowpmvr or ~xzuxrls x� Ô ~xppl~qls nlwoxpr�
�lnl� lm~t ~xzuxplpq x� qtl rumnrl ~xl�~olpq or ~xppl~qls qx q�x x� oqr ms�m~lpq ~xzuxplpqr�
�to~t �xnzr qtl {pslnv�opw wnmut rqn{~q{nl� �tl wnmut rumnroq� ~xp~luq opqnxs{~ls lmnvoln or
{rls qx ~xzu{ql qtl ~xsopw vlpwqt x� rumnroq� umqqlnpr op �qn{~q���� �tl unx�l~qoxp zmqno} Xor wlplnmqls y� ~nlmqopw mp n × p zmqno} �oqt o�o�s� snm�r �nxz m rqmpsmns �m{rromp sorqnoy{qoxp
N(0, 1) � �xn rozuvo~oq�� qtl nx�r x� X mnl pxnzmvo�ls qx {poq zmwpoq{sl� Clnx�zlmp �m{rromp
pxorl �oqt rqmpsmns sl�omqoxp σ = 0.01 or mssls qx qtl zlmr{nlzlpqr� �{n qmr  or qx ~xzumnl qtl
nl~x�ln� uln�xnzmp~l x� �qn{~q��� qx qtxrl x� ���� �mrrx mps wnx{u �mrrx �xn qtlrl rqn{~q{nls
rumnroq� rowpmvr�

�ow{nl � rtx�r xpl oprqmp~l x� wlplnmqls rowpmv mps qtl ~xnnlruxpsopw nl~x�lnls nlr{vqr y�
so±lnlpq mvwxnoqtzr �tlp n = 160 � �op~l qtl rmzuvl ro�l n or pxq yow lpx{wt� ��� mps �mrrx sx
pxq m~tol�l wxxs nl~x�ln� nlr{vqr� �tlnlmr qtl �qn{~q��� mvwxnoqtz m~tol�lr plmn uln�l~q nl~x�ln�
x� qtl xnowopmv rowpmv� �r �l sx pxq  px� qtl unlsl|pls wnx{ur �xn wnx{u �mrrx� �l �{rq qn�
wnx{u �mrrx �oqt rl�lnmv so±lnlpq wnx{u ro�lr �wrD�� ¨� � �³�� �vqtx{wt qtl nlr{vqr xyqmopls �oqt
wnx{u �mrrx mnl ylqqln qtmp qtxrl x� ��� mps �mrrx� qtl� mnl rqovv op�lnoxn qx qtl nlr{vqr �oqt�qn{~q���� �x rq{s� tx� qtl rmzuvl ro�l n l±l~qr qtl nl~x�ln� uln�xnzmp~l� �l �mn� qtl rmzuvl
ro�l mps nl~xns qtl nl~x�ln� nlr{vqr y� so±lnlpq mvwxnoqtzr� �x nls{~l qtl nmpsxzplrr� �l uln�xnz
qtl l}ulnozlpq �µµ qozlr �xn lm~t rmzuvl ro�l� �ow{nl ��m� rtx�r qtl nl~x�ln� uln�xnzmp~l x� qtl
qtnll mvwxnoqtzr� m�lnmwls x�ln �µµ nmpsxz n{pr �xn lm~t rmzuvl ro�l� �r l}ul~qls� �qn{~q��� orylqqln qtmp qtl wnx{u �mrrx mps �mn ylqqln qtmp qtl ��� mps �mrrx� �tl nlr{vqr rtx� qtmq qtl
unxuxrls �qn{~q��� ~mp m~tol�l ylqqln nl~x�ln� uln�xnzmp~l �xn rqn{~q{nls rumnroq� rowpmvr �oqt
vlrr rmzuvlr�

�xql qtmq �mrrx uln�xnzr ylqqln qtmp ��� op qtl |nrq l}mzuvl� �tor or yl~m{rl qtl rowpmv or
rqnxpwv� rumnrl �qtmq or� mvv pxp�lnx ~xl�~olpqr mnl rowpo|~mpqv� so±lnlpq �nxz �lnx�� �p qtl rl~xps
l}ulnozlpq� �l nmpsxzv� wlplnmql m 1D rqn{~q{nls rumnrl rowpmv �oqt �lm  rumnroq�� �tlnl qtl
pxp�lnx ~xl�~olpqr sl~m� wnms{mvv� qx �lnx� y{q qtlnl or px ~vlmn ~{qx±� �pl oprqmp~l x� wlplnmqls
rowpmv or rtx�p op �ow{nl ¨ �m�� �lnl� p = 512 mps mvv ~xl�~olpq x� qtl rowpmv mnl pxq �lnxr� kl sl|pl
qtl rumnroq� k mr qtl p{zyln x� ~xl�~olpqr qtmq ~xpqmop 95% x� qtl ozmwl lplnw�� �tl r{uuxnq
rlq x� qtlrl rowpmvr or ~xzuxrls x� g = 2 ~xppl~qls nlwoxpr� �wmop� lm~t lvlzlpq x� qtl rumnrl
~xl�~olpq or ~xppl~qls qx q�x x� oqr ms�m~lpq lvlzlpqr� �to~t �xnzr qtl {pslnv�opw �� vopl wnmut

�¬
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(f) GroupLasso, gs=8
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(h) StructOMP

�ow{nl �� "l~x�ln� nlr{vqr x� �� rowpmv �oqt vopl�rqn{~q{nls rumnroq�� �m� xnowopmv smqm° �y� nl~x�lnls
nlr{vqr �oqt ��� �lnnxn or µ�®®���° �~� nl~x�lnls nlr{vqr �oqt �mrrx �lnnxn or µ�³³µ�°° �s� nl~x�lnls
nlr{vqr �oqt �nx{u �mrrx �lnnxn or µ�̈ �� �oqt wnx{u ro�l wrD��° �l� nl~x�lnls nlr{vqr �oqt �nx{u
�mrrx �lnnxn or µ�̈ �� �oqt wnx{u ro�l wrD¨�°�� � nl~x�lnls nlr{vqr �oqt �nx{u �mrrx �lnnxn or µ��³¨³
�oqt wnx{u ro�l wrD�°�w� nl~x�lnls nlr{vqr �oqt �nx{u �mrrx �lnnxn or µ��®µ �oqt wnx{u ro�l wrD�³�°
�t� nl~x�lnls nlr{vqr �oqt �qn{~q��� �lnnxn or µ�µ�¨³��
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�ow{nl �� "l~x�ln� lnnxn �r� �mzuvl ro�l nmqox (n/k) � m� �� rowpmvr° �y� �� klm  rumnrl rowpmv
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rqn{~q{nl� �tl wnmut rumnroq� ~xp~luq opqnxs{~ls lmnvoln or {rls qx ~xzu{ql qtl ~xsopw vlpwqt x�
rumnroq� umqqlnpr op �qn{~q���� �tl unx�l~qoxp zmqno} X or wlplnmqls y� ~nlmqopw mp n× p zmqno}
�oqt o�o�s� snm�r �nxz m rqmpsmns �m{rromp sorqnoy{qoxp N(0, 1) � �xn rozuvo~oq�� qtl nx�r x� Xmnl pxnzmvo�ls qx {poq zmwpoq{sl� Clnx�zlmp �m{rromp pxorl �oqt rqmpsmns sl�omqoxp σ = 0.01 or
mssls qx qtl zlmr{nlzlpqr�

�ow{nl ¨ rtx�r xpl wlplnmqls rowpmv mps oqr nl~x�lnls nlr{vqr y� so±lnlpq mvwxnoqtzr �tlp k = 32mps n = 48 � �wmop� �l xyrln�l qtmq ��� mps �mrrx sx pxq m~tol�l wxxs nl~x�ln� nlr{vqr� �tlnlmr
qtl �qn{~q��� mvwxnoqtz m~tol�lr plmn uln�l~q nl~x�ln� x� qtl xnowopmv rowpmv� �r �l sx pxq  px�qtl unlsl|pls wnx{ur �xn wnx{u �mrrx� �l �{rq qn� wnx{u �mrrx �oqt rl�lnmv so±lnlpq wnx{u ro�lr
�wrD�� ¨� � �³�� �vqtx{wt qtl nlr{vqr xyqmopls �oqt wnx{u �mrrx mnl ylqqln qtmp qtxrl x� ���
mps �mrrx� qtl� mnl rqovv op�lnoxn qx qtl nlr{vqr �oqt �qn{~q���� �p xnsln qx rq{s� tx� qtl rmzuvl
ro�l n l±l~qr qtl nl~x�ln� uln�xnzmp~l� �l �mn� qtl rmzuvl ro�l mps nl~xns qtl nl~x�ln� nlr{vqr y�
so±lnlpq mvwxnoqtzr� �x nls{~l qtl nmpsxzplrr� �l uln�xnz qtl l}ulnozlpq �µµ qozlr �xn lm~t x�
qtl rmzuvl ro�lr� �ow{nl ��y� rtx�r qtl nl~x�ln� uln�xnzmp~l x� so±lnlpq mvwxnoqtzr� m�lnmwls x�ln�µµ nmpsxz n{pr �xn lm~t rmzuvl ro�l� �r l}ul~qls� �qn{~q��� mvwxnoqtz or r{ulnoxn op mvv ~mrlr�ktmq¯r so±lnlpq �nxz qtl |nrq l}ulnozlpq or qtmq qtl nl~x�ln� lnnxn x� ��� yl~xzlr rzmvvln qtmp
qtmq x� �mrrx� �tor nlr{vq or ~xprorqlpq �oqt x{n qtlxn�� �to~t unlso~qr qtmq o� qtl {pslnv�opw rowpmv
or �lm v� rumnrl� qtlp qtl nlvmqo�lv� uln�xnzmp~l x� ��� yl~xzlr ~xzumnmyvl qx �mrrx�
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�ow{nl ¨� "l~x�ln� nlr{vqr x� �� �lm v� rumnrl rowpmv �oqt vopl�rqn{~q{nls rumnroq�� �m� xnowopmv
smqm° �y� nl~x�lnls nlr{vqr �oqt ��� �lnnxn or µ�¬¬®®�° �~� nl~x�lnls nlr{vqr �oqt �mrrx �lnnxn orµ�³³³�°° �s� nl~x�lnls nlr{vqr �oqt �nx{u �mrrx �lnnxn or µ�̈ ²�� �oqt wnx{u ro�l wrD��° �l� nl~x�lnls
nlr{vqr �oqt �nx{u �mrrx �lnnxn or µ��®� �oqt wnx{u ro�l wrD¨�°�� � nl~x�lnls nlr{vqr �oqt �nx{u
�mrrx �lnnxn or µ��³¨³ �oqt wnx{u ro�l wrD�°�w� nl~x�lnls nlr{vqr �oqt �nx{u �mrrx �lnnxn or µ�¬¨¬®
�oqt wnx{u ro�l wrD�³�° �t� nl~x�lnls nlr{vqr �oqt �qn{~q��� �lnnxn or µ�µ¨³��

�²



>�2 2? I�ï4û 3ø�ôòûóóõJû íûðóõð4 @õîý KòûûBóîòùüîùòûñ íôïòóõîö
�q or �lvv  px�p qtmq �� pmq{nmv ozmwlr mnl rumnrl op m �m�lvlq ymror� �tlon �m�lvlq ~xl�~olpqr tm�l
m tolnmn~to~mv qnll rqn{~q{nl� �to~t or �oslv� {rls �xn �m�lvlq�ymrls ~xzunlrroxp mvwxnoqtzr �����
�ow{nl ¬�m� rtx�r m �oslv� {rls l}mzuvl ozmwl �oqt ro�l 64 × 64 � ÆÒáÏßÒáÒÌ� ìm~t �� �m�lvlq
~xl�~olpq x� qtor ozmwl or ~xppl~qls qx oqr umnlpq ~xl�~olpq mps ~tovs ~xl�~olpqr� �to~t �xnzr qtl
{pslnv�opw tolnmn~to~mv qnll rqn{~q{nl ��to~t or m rul~omv ~mrl x� wnmut rumnroq��� �p x{n l}ulnozlpq�
�l ~txxrl �mmn��m�lvlq qx xyqmop oqr qnll�rqn{~q{nls rumnroq� �m�lvlq ~xl�~olpqr� �tl unx�l~qoxp
zmqno} X mps pxorlr mnl wlplnmqls �oqt qtl rmzl zlqtxs mr qtmq �xn �� rqn{~q{nls rumnroq� rowpmvr����� �mrrx mps �qn{~q��� mnl {rls qx nl~x�ln qtl �m�lvlq ~xl�~olpqr �nxz qtl nmpsxz unx�l~�qoxp rmzuvlr nlrul~qo�lv�� �tlp� qtl op�lnrl �m�lvlq qnmpr�xnz or {rls qx nl~xprqn{~q qtl ozmwlr
�oqt qtlrl nl~x�lnls �m�lvlq ~xl�~olpqr� �{n qmr  or qx ~xzumnl qtl nl~x�ln� uln�xnzmp~l x� qtl�qn{~q��� qx qtxrl x� ��� mps �mrrx�

�ow{nl ¬ rtx�r xpl l}mzuvl x� qtl nl~x�lnls nlr{vqr y� so±lnlpq mvwxnoqtzr� �q rtx�r qtmq�qn{~q��� xyqmopr qtl ylrq nl~x�lnls nlr{vq� �ow{nl ³�m� rtx�r qtl nl~x�ln� uln�xnzmp~l x� qtl
qtnll mvwxnoqtzr� m�lnmwls x�ln �µµ nmpsxz n{pr �xn lm~t rmzuvl ro�l� �tl �qn{~q��� mvwxnoqtz
or ylqqln qtmp yxqt �mrrx mps ��� op qtor ~mrl� �op~l nlmv ozmwl smqm mnl �lm v� rumnrl� qtl
uln�xnzmp~l x� rqmpsmns ��� ��oqtx{q rqn{~q{nls rumnroq�� or rozovmn qx qtmq x� �mrrx�

EFG EHG ELG EMG

�ow{nl ¬� "l~x�ln� nlr{vqr �oqt rmzuvl ro�l n = 2048 � �m� qtl ym~ wnx{ps r{yqnm~qls ozmwl� �y�
nl~x�lnls ozmwl �oqt ��� �lnnxn or µ���®³�� �~� nl~x�lnls ozmwl �oqt �mrrx �lnnxn or µ��³²µ� mps
�s� nl~x�lnls ozmwl �oqt �qn{~q��� �lnnxn or µ�µ�²¬�

>�8 NïüO4òøùðñ íùPîòïüîûñ I�ï4ûó Qøò �øPùóî íùòJûõþþïðüû
©m~ wnx{ps r{yqnm~qls ozmwlr mnl q�uo~mv rqn{~q{nl rumnroq� smqm op rqmqo~ �oslx r{n�lovvmp~l mu�uvo~mqoxpr� �tl� wlplnmvv� ~xnnlruxps qx qtl �xnlwnx{ps xy�l~qr x� opqlnlrq� ªpvo l qtl �txvl
r~lpl� qtlrl ozmwlr mnl pxq xpv� rumqomvv� rumnrl y{q mvrx op~vopls qx ~v{rqln opqx wnx{ur� �to~t
~xnnlruxps qx so±lnlpq �xnlwnx{ps xy�l~qr� �t{r� qtl �qn{~q��� mvwxnoqtz ~mp xyqmop r{ulnoxn
nl~x�ln� �nxz ~xzunlrro�l rlpropw zlmr{nlzlpqr qtmq mnl nl~lo�ls y� m ~lpqnmvo�ls rln�ln �nxz
z{vqouvl mps nmpsxzv� uvm~ls xuqo~mv rlprxnr� �p qtor l}ulnozlpq� qtl qlrqopw �oslx or sx�pvxmsls�nxz tqqu�««txzlumwlr�op��ls�m~�{ «ny�«��R��"�����«� �tl ym~ wnx{ps r{yqnm~qls ozmwlr mnl
xyqmopls �oqt qtl rx�q�mnl ���� �pl rmzuvl ozmwl �nmzl or rtx�p op �ow{nl ²�m�� �tl r{uuxnq rlq
x� �� ozmwlr or qt{r ~xzuxrls x� rl�lnmv ~xppl~qls nlwoxpr� �lnl� lm~t uo}lv x� qtl �� ym~ wnx{ps
r{yqnm~qls ozmwl or ~xppl~qls qx �x{n x� oqr ms�m~lpq uo}lvr� �xnzopw qtl {pslnv�opw wnmut rqn{~q{nl
op wnmut rumnroq�� �tl nlr{vqr rtx�p op �ow{nl ² slzxprqnmql qtmq qtl �qn{~q��� x{quln�xnzr

�
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�ow{nl ³� "l~x�ln� lnnxn �r� �mzuvl ro�l� m� �� ozmwl �oqt qnll�rqn{~q{nls rumnroq� op �m�lvlqymror° �y� ym~ wnx{ps r{yqnm~qls ozmwlr �oqt rqn{~q{nls rumnroq�

yxqt ��� mps �mrrx op nl~x�ln�� kl nmpsxzv� ~txxrl �µµ ym~ wnx{ps r{yqnm~qls ozmwlr mr qlrq
ozmwlr� �ow{nl ³�y� rtx�r qtl nl~x�ln� uln�xnzmp~l mr m �{p~qoxp x� op~nlmropw rmzuvl ro�lr� �q
slzxprqnmqlr mwmop qtmq �qn{~q��� rowpo|~mpqv� x{quln�xnzr ��� mps �mrrx op nl~x�ln� uln�xn�zmp~l xp �oslx smqm� �xzumnopw qx qtl ozmwl ~xzunlrroxp l}mzuvl op qtl unl�ox{r rl~qoxp� qtlym~ wnx{ps r{yqnm~qls ozmwlr tm�l m zxnl ~vlmnv� sl|pls rumnroq� umqqlnp �tlnl pxp�lnx ~xl��~olpqr mnl wlplnmvv� sorqop~q �nxz �lnx �qtmq or� rqnxpwln rumnroq��° qtor l}uvmopr �t� �mrrx uln�xnzrylqqln qtmp qtl rqmpsmns �{prqn{~q{nls� ��� xp qtor umnqo~{vmn smqm� �tl nlr{vq or mwmop ~xprorqlpq
�oqt x{n qtlxn��

EFG EHG ELG EMG

�ow{nl ²� "l~x�ln� nlr{vqr �oqt rmzuvl ro�l n = 900 � �m� qtl ym~ wnx{ps r{yqnm~qls ozmwl� �y�
nl~x�lnls ozmwl �oqt ��� �lnnxn or ������� �~� nl~x�lnls ozmwl �oqt �mrrx �lnnxn or µ�²µ²¬� mps
�s� nl~x�lnls ozmwl �oqt �qn{~q��� �lnnxn or µ���µ��

S Tj¹ih¹¹jfc

�tor umuln sl�lvxur m qtlxn� �xn rqn{~q{nls rumnroq� �tlnl unoxn  px�vlswl mvvx�r {r qx unl�ln
~lnqmop rumnroq� umqqlnpr qx xqtlnr� �xzl l}mzuvlr mnl unlrlpqls qx ovv{rqnmql qtl ~xp~luq� �tl

�®



wlplnmv �nmzl�xn  lrqmyvortls op qtor umuln op~v{slr qtl nl~lpqv� uxu{vmno�ls wnx{u rumnroq� oslm
tmr m rul~omv ~mrl��p rqn{~q{nls rumnroq�� qtl ~xzuvl}oq� x� vlmnpopw or zlmr{nls y� qtl ~xsopw ~xzuvl}oq� c(β̄) ≤
‖β̄‖0 +cl(supp(β̄)) oprqlms x� ‖β̄‖0 ln p �to~t slqlnzoplr qtl ~xzuvl}oq� op rqmpsmns rumnroq�� ªropw
qtor pxqmqoxp� m qtlxn� umnmvvlv qx qtmq x� qtl rqmpsmns rumnroq� or sl�lvxuls� �tl qtlxn� rtx�r qtmq o�
qtl ~xsopw vlpwqt cl(supp(β̄)) or rzmvv �xn m qmnwlq ~xl�~olpq �l~qxn β̄ � qtlp qtl ~xzuvl}oq� x� vlmnpopw
β̄ ~mp yl rowpo|~mpqv� rzmvvln qtmp qtl ~xnnlruxpsopw ~xzuvl}oq� op rqmpsmns rumnroq�� ì}ulnozlpqmv
nlr{vqr slzxprqnmql qtmq rowpo|~mpq ozunx�lzlpqr ~mp yl xyqmopls xp rxzl nlmv unxyvlzr qtmq tm�l
pmq{nmv rqn{~q{nlr�

�tl rqn{~q{nls wnlls� mvwxnoqtz unlrlpqls op qtor umuln or qtl |nrq l�~olpq mvwxnoqtz unxuxrls
qx tmpsvl qtl wlplnmv rqn{~q{nls rumnroq� vlmnpopw� �q or rtx�p qtmq qtl mvwxnoqtz or l±l~qo�l {psln
muunxunomql ~xpsoqoxpr� �{q{nl �xn  op~v{sl mssoqoxpmv ~xzu{qmqoxpmvv� l�~olpq zlqtxsr r{~t mr
~xp�l} nlvm}mqoxp zlqtxsr �l�w� L1

nlw{vmno�mqoxp �xn rqmpsmns rumnroq�� mps wnx{u �mrrx �xn rqnxpw
wnx{u rumnroq�� mps ym~ �mns wnlls� rqnmqlwolr qx ozunx�l qtl �xn�mns wnlls� zlqtxs ~xproslnls
op qtor umuln�

¢£�£e£ci£¹

��� �nmp~or "� ©m~t� �xprorqlp~� x� qtl wnx{u vmrrx mps z{vqouvl  lnplv vlmnpopw� U$�/� ®���²®V���¬� �µµ�
��� "� ©mnmpo{ � R� �l�tln� �� �{mnql� mps �� �lwsl� �xslv ymrls ~xzunlrro�l rlpropw� �µµ�

unlunopq�
��� ì� ©lnw� �� �~tzosq� ���nolsvmpsln� mps ´� �{nut�� �nx{u rumnroq� �om voplmn�qozl unx�l~qoxp��µµ� �nlunopq�
�̈ � �mop Wxtprqxpl ©nmsvl� ì�nxp� �nl�xn �mrqol mps "xylnq �oyrtonmpo� �lmrq mpwvl nlwnlrroxp�ÅÌÌÒÓÈ ÇÊ .ÉÒÉÍÈÉÍÆÈ� ���̈ µ²V¨®®� �µµ¨�
�¬� �vxnlpqopm ©{plm� �vl}mpsnl ©� �r�ym x�� mps �mnqlp �� klw mzu� �wwnlwmqoxp �xn �m{rromp

nlwnlrroxp� ÅÌÌÒÓÈ ÇÊ .ÉÒÉÍÈÉÍÆÈ� �¬��³²¨V�³®²� �µµ²�
�³� ìzzmp{lv W� �mpslr mps �lnlp~l �mx� �l~xsopw y� voplmn unxwnmzzopw� 0XXX ÞßÒÌÈÝ ÇÌ

0ÌÊÇßáÒÉÍÇÌ ÞÕÏÇßã� ¬��̈ �µ�V¨��¬� �µµ¬�
�²� �txzmr �� �x�ln mps Wx� �� �txzmr� XÓÏáÏÌÉÈ ÇÊ 0ÌÊÇßáÒÉÍÇÌ ÞÕÏÇßã� kovl���pqlnr~olp~l��®®��
�� �� �m{slq� �umnrl mps rqn{~q{nls sl~xzuxroqoxp x� m{sox rowpmvr op x�ln~xzuvlql rum~lr� �p

0ÌÉÏßÌÒÉÍÇÌÒÓ 7ÇÌÊ ÏßÏÌÆÏ ÇÌ YÍÔÍÉÒÓ ÅËÎÍÇ XZ ÏÆÉÈ� �µµ¨�
�®� �� �xpxtx� �xzunlrrls rlpropw� 0XXX ÞßÒÌÈÒÆÉÍÇÌÈ ÇÌ 0ÌÊÇßáÒÉÍÇÌ ÞÕÏÇßã� ¬����®V��µ³��µµ³�

��µ� �� �nozz� �� �lq�ln� mps �� �~t�lowtx�ln� � pxql xp qtl nlunlrlpqmqoxp x� uxroqo�l uxv�px�zomvr �oqt rqn{~q{nls rumnroq�� ÅßÆÕÝ $ÒÉÕÝ� ®��®®V¨µ�� �µµ²�

�µ



���� �� �l mps �� �mnop� ì}uvxoqopw rqn{~q{nl op �m�lvlq�ymrls ym�lromp ~xzunlrro�l rlpropw� �p
1ßÏàßÍÌÉ� �µµ�

���� �� �l mps �� �mnop� ì}uvxoqopw rqn{~q{nl op ~xzunlrro�l rlpropw �oqt m �ulw ymror� �p 1ßÏàßÍÌÉ��µµ®�
���� W{p�tx{ �{mpw mps �xpw Ctmpw� �tl ylpl|q x� wnx{u rumnroq�� �l~tpo~mv nluxnq� "{qwlnr

ªpo�lnroq�� Wmp{mn� �µµ®� ��movmyvl �nxz tqqu�««mn}o��xnw«myr«µ®µ���®³��
��¨� �� Wo� �� �{prxp� mps �� �mnop� �{vqo�qmr  ~xzunlrro�l rlpropw� 0XXX ÞßÒÌÈÒÆÉÍÇÌÈ ÇÌ .ÍÔÌÒÓ

1ßÇÆÏÈÈÍÌÔ� �µµ� �~~luqls�
��¬� Rvmsozon ´xvq~topr oo mps �opw [{mp� �umnrl nl~x�ln� op vmnwl lprlzyvlr x�  lnplv zm~toplr��p 7\�Þ]Ü^� �µµ�
��³� �� ´x�mvr o mps ©� �xnnlrmpo� �qn{~q{nls rumnroq�� �nxz zo}ls pxnzr qx rqn{~q{nls rtnop mwl��p ÚÇßëÈÕÇà ÇÌ .ÍÔÌÒÓ 1ßÇÆÏÈÈÍÌÔ �ÍÉÕ ÅÎÒàÉÍÛÏ .àÒßÈÏ /ÏàßÏÈÏÌÉÒÉÍÇÌÈ� �µµ®�
��²� �� �mvvmq� �p Å ÚÒÛÏÓÏÉ ÞÇËß ÇÊ .ÍÔÌÒÓ 1ßÇÆÏÈÈÍÌÔ� �~mslzo~ �nlrr�
��� [{�mv �mnso mps �vlrrmpsnx "opmvsx� �p qtl mr�zuqxqo~ unxulnqolr x� qtl wnx{u vmrrx lrqozmqxn�xn voplmn zxslvr� XÓÏÆÉßÇÌÍÆ UÇËßÌÒÓ ÇÊ .ÉÒÉÍÈÉÍÆÈ� ��³µ¬V³��� �µµ�
��®� �� �yx�opr o� �� W� kmop�nowtq� mps �� �� Wxnsmp� ªpoxp r{uuxnq nl~x�ln� op towt�sozlproxpmv

z{vqo�mnomql nlwnlrroxp� �l~tpo~mv "luxnq ²³�� ª� ©ln lvl�� �µµ�
��µ� �� �oroln� �tl �xv{zl x� ~xp�l} yxsolr mps ympm~t rum~l wlxzlqn�� �®®� �mzynoswl ªpo�lnroq�

�nlrr�
���� Wlnxzl �� �tmuonx� ìzylssls ozmwl ~xsopw {ropw �lnxqnllr x� �m�lvlq ~xl�~olpqr� 0XXX

ÞßÒÌÈÒÆÉÍÇÌÈ ÇÌ .ÍÔÌÒÓ 1ßÇÆÏÈÈÍÌÔ� ¨���¨¨¬V�¨³�� �®®��
���� "xylnq �oyrtonmpo� "lwnlrroxp rtnop mwl mps rlvl~qoxp �om qtl vmrrx� UÇËßÌÒÓ ÇÊ ÉÕÏ /ÇãÒÓ

.ÉÒÉÍÈÉÍÆÒÓ .ÇÆÍÏÉã� ¬��³²V�� �®®³�
���� W� �nxuu mps �� �ovylnq� �owpmv nl~x�ln� �nxz nmpsxz zlmr{nlzlpqr �om xnqtxwxpmv zmq~topw

u{nr{oq� 0XXX ÞßÒÌÈÒÆÉÍÇÌÈ ÇÌ 0ÌÊÇßáÒÉÍÇÌ ÞÕÏÇßã� ¬������̈ ³¬¬V¨³³³� �µµ²�
��¨� �� kou� mps ©� "mx� �p lzuono~mv ©m�lromp rqnmqlw� �xn rxv�opw qtl roz{vqmplx{r rumnrl

muunx}ozmqoxp unxyvlz� 0XXX ÞßÒÌÈÒÆÉÍÇÌÈ ÇÌ .ÍÔÌÒÓ 1ßÇÆÏÈÈÍÌÔ� ¬¬�²���²µ¨V�²�³� �µµ²�
��¬� �� [{mp mps [� �op� �xslv rlvl~qoxp mps lrqozmqoxp op nlwnlrroxp �oqt wnx{uls �mnomyvlr�

UÇËßÌÒÓ ÇÊ ÞÕÏ /ÇãÒÓ .ÉÒÉÍÈÉÍÆÒÓ .ÇÆÍÏÉã .ÏßÍÏÈ _� ³����̈ ®V³²� �µµ³�
��³� �xpw Ctmpw� �sumqo�l �xn�mns�ym~ �mns wnlls� mvwxnoqtz �xn vlmnpopw rumnrl nlunlrlpqmqoxpr�

�l~tpo~mv nluxnq� "{qwlnr �qmqorqo~r �lumnqzlpq� �µµ� � rtxnq �lnroxp muulmnls op ���� µ�
��²� �� Ctmx� �� "x~tm� mps ©� [{� �nx{uls mps tolnmn~to~mv zxslv rlvl~qoxp qtnx{wt ~xzuxroql

myrxv{ql ulpmvqolr� ÞÕÏ ÅÌÌÒÓÈ ÇÊ .ÉÒÉÍÈÉÍÆÈ� qx muulmn�
��� C� Co� x�o~ mps �� �lo�slp� ì�~olpq msmuqo�l slproq� lrqozmqoxp uln ozmwl uo}lv �xn qtl qmr 

x� ym~ wnx{ps r{yqnm~qoxp� 1ÒÉÉÏßÌ /ÏÆÇÔÌÍÉÍÇÌ �ÏÉÉÏßÈ� �²�²��²²�V²µ� �µµ³�

��



� `eff� f� `ef¸f¹jdjfc �aa
b¼��� �ÃÄ 7ÇÌÈÍÎÏß Ò ÐâÏÎ ÛÏÆÉÇß x ∈ R

n æ ÒÌÎ Ò ßÒÌÎÇá ÛÏÆÉÇß y ∈ R
n �ÍÉÕ ÍÌÎÏàÏÌÎÏÌÉ

ÈËÑ×åÒËÈÈÍÒÌ ÆÇáàÇÌÏÌÉÈ�
Eet(yi−Eyi) ≤ eσ2t2/2 Ê Çß ÒÓÓ t ÒÌÎ iæ ÉÕÏÌ ∀ε > 0 �

Pr
(
∣

∣

∣
x
>
y − Ex

>
y

∣

∣

∣
≥ ε

)

≤ 2e−ε2/(2σ2‖x‖2
2).

ÿ�ÁÁ� �lq sn =
∑n

i=1(xiyi − Exiyi)
° qtlp y� mrr{zuqoxp�

E(etsn + e−tsn) ≤ 2e
∑

i x
2
i σ2t2/2 � �to~t

ozuvolr qtmq Pr(|sn| ≥ ε)etε ≤ 2e
∑

i x
2
i σ2t2/2 � �x� vlq t = ε/(

∑

i x
2
i σ

2) � �l xyqmop qtl slronls yx{ps�

�tl �xvvx�opw vlzzm or qm lp �nxz ��µ�� �op~l qtl unxx� or rozuvl� oq or op~v{sls �xn ~xzuvlqlplrr�
b¼��� �Ãä 7ÇÌÈÍÎÏß ÉÕÏ ËÌÍÉ ÈàÕÏßÏ Sk−1 = {x : ‖x‖2 = 1} ÍÌ

R
k Ö

k ≥ 1
ÙÝ åÍÛÏÌ ÒÌã ε > 0æÉÕÏßÏ ÏâÍÈÉÈ ÒÌ ε×ÆÇÛÏß Q ⊂ Sk−1 ÈËÆÕ ÉÕÒÉ minq∈Q ‖x − q‖2 ≤ ε Ê Çß ÒÓÓ ‖x‖2 = 1æ �ÍÉÕ |Q| ≤

(1 + 2/ε)k
Ý

ÿ�ÁÁ� �lq Bk = {x : ‖x‖2 ≤ 1} yl qtl {poq ymvv op
R

k � �lq Q = {qi}i=1,...,|Q| ⊂ Sk−1 yl m zm}ozmv
r{yrlq r{~t qtmq ‖qi − qj‖2 > ε

�xn mvv i 6= j � ©� zm}ozmvoq�� Q or mp ε�~x�ln x� Sk−1 � �op~l qtlymvvr qi + (ε/2)Bk mnl sor�xopq mps ylvxpw qx (1 + ε/2)Bk � �l tm�l
∑

i≤|Q|

vol(qi + (ε/2)Bk) ≤ vol((1 + ε/2)Bk).

�tlnl�xnl�
|Q|(ε/2)kvol(Bk) ≤ (1 + ε/2)kvol(Bk),

�to~t ozuvolr qtmq |Q| ≤ (1 + 2/ε)k �

còøøQ øQ còøôøóõîõøð ���
�~~xnsopw qx �lzzm ���� wo�lp ε1 > 0 � qtlnl l}orqr m |poql rlq Q = {qi} �oqt |Q| ≤ (1 + 2/ε1)

k

r{~t qtmq ‖Pqi‖2 = 1
�xn mvv i � mps mini ‖Pβ − Pqi‖2 ≤ ε1

�xn mvv ‖Pβ‖2 = 1 �
�xn lm~t i � �lzzm ��� ozuvolr qtmq ∀ε2 > 0 �

Pr
(
∣

∣

∣
q>i P (y − Ey)

∣

∣

∣
≥ ε2

)

≤ 2e−ε22/(2σ2).

�m opw {poxp yx{ps �xn mvv qi ∈ Q � �l xyqmop �oqt unxymyovoq� l}~llsopw 1 − 2(1 + 2/ε1)
ke−ε22/2σ2 �

∣

∣

∣
q>i P (y − Ey)

∣

∣

∣
≤ ε2

�xn mvv i ��lq β = P (y − Ey)/‖P (y − Ey)‖2
� qtlp qtlnl l}orqr i r{~t qtmq ‖Pβ − Pqi‖2 ≤ ε1

� kl tm�l
‖P (y − Ey)‖2 =β>(y − Ey)

≤‖Pβ − Pqi‖2‖P (y − Ey)‖2 + |q>i P (y − Ey)|
≤ε1‖P (y − Ey)‖2 + ε2.

��



�tlnl�xnl
‖P (y − Ey)‖2 ≤ ε2/(1 − ε1).

�lq ε1 = 2/15 � mps η = 2(1 + 2/ε1)
ke−ε22/2σ2 � �l tm�l
ε2
2 = 2σ2[(4k + 1) ln 2 − ln η],

mps qt{r
‖P (y − Ey)‖2 ≤ 15

13
σ
√

2(4k + 1) ln 2 − 2 ln η.

�tor rozuvo|lr qx qtl slronls yx{ps�

d `eff� f� �£fe£ê �aa
kl {rl qtl �xvvx�opw vlzzm �nxz �����
b¼��� eÃÄ .ËààÇÈÏ X

ÍÈ ÔÏÌÏßÒÉÏÎ ÒÆÆÇßÎÍÌÔ ÉÇ ÞÕÏÇßÏá  Ý!Ý #Çß ÒÌã ÐâÏÎ ÈÏÉ F ⊂ I �ÍÉÕ
|F | = k ÒÌÎ 0 < δ < 1æ �Ï ÕÒÛÏ �ÍÉÕ àßÇÑÒÑÍÓÍÉã ÏâÆÏÏÎÍÌÔ 1 − 3(1 + 8/δ)ke−nδ2/8 �

(1 − δ)‖β‖2 ≤ 1√
n
‖XF β‖2 ≤ (1 + δ)‖β‖2

�¬�

Ê Çß ÒÓÓ β ∈ R
k Ý

còøøQ øQ Kýûøòû� ���
�op~l cl(F ) or m ~xsopw vlpwqt� �l tm�l

∑

F :|F |+cl(F )≤s

(1 + 8/δ)|F | ≤
∑

F :|F |+γcl(F )≤s

(1 + 8/δ)|F |

≤
∑

F

(1 + 8/δ)s−γcl(F ) = (1 + 8/δ)s
∑

F

2−cl(F ) ≤ (1 + 8/δ)s,

�tlnl �l vlq γ = 1/ log2(1 + 8/δ) op qtl myx�l slno�mqoxp�
�xn lm~t F � �l  px� �nxz �lzzm ©�� qtmq �xn mvv β r{~t qtmq supp(β) ⊂ F �

(1 − δ)‖β‖2 ≤ 1√
n
‖Xβ‖2 ≤ (1 + δ)‖β‖2

�oqt unxymyovoq� l}~llsopw 1 − 3(1 + 8/δ)|F |e−nδ2/8 �kl ~mp qt{r qm l qtl {poxp yx{ps x�ln F : |F | + cl(F ) ≤ s � �to~t rtx�r qtmq �oqt unxymyovoq�
l}~llsopw

1 −
∑

F :|F |+cl(F )≤s

3(1 + 8/δ)|F |e−nδ2/8,

qtl rqn{~q{nls "�� op ì�{mqoxp �̈ � txvsr� �op~l
∑

F :|F |+cl(F )≤s

3(1 + 8/δ)|F |e−nδ2/8 ≤ 3(1 + 8/δ)se−nδ2/8 ≤ e−t,

�l xyqmop qtl slronls yx{ps�
��



f `eff� f� �£fe£ê �a¡ ¥cg �£fe£ê �a¶
b¼��� :ÃÄ .ËààÇÈÏ ÉÕÒÉ ÅÈÈËáàÉÍÇÌ  Ý! ÍÈ ÛÒÓÍÎÝ #Çß ÒÌã ÐâÏÎ ÈËÑÈÏÉ F ⊂ I æ �Ï ÕÒÛÏ �ÍÉÕ
àßÇÑÒÑÍÓÍÉã 1 − η æ ∀β ÈËÆÕ ÉÕÒÉ supp(β) ⊂ F æ ÒÌÎ a > 0æ �Ï ÕÒÛÏ

‖Xβ − Ey‖2
2 ≤ (1 + a)[‖Xβ − y‖2

2 − ‖y − Ey‖2
2] + (2 + a + a−1)σ2[7.4|F | + 4.7 ln(4/η)].

ÿ�ÁÁ� �lq
PF = XF (X>

F XF )−1X>
Fyl unx�l~qoxp zmqno} qx qtl r{yrum~lr wlplnmqls y� ~xv{zpr x� XF

�
�lq ã = (I − PF )Ey/‖(I − PF )Ey‖2

� δ1 = ‖PF (y − Ey)‖2
mps δ2 = |ã>(y − Ey)| � �l tm�l

‖Xβ − Ey‖2
2

=‖Xβ − y‖2
2 − ‖y − Ey‖2

2 + 2(y − Ey)>(Xβ − Ey)

=‖Xβ − y‖2
2 − ‖y − Ey‖2

2 + 2(y − Ey)>(Xβ − PF Ey) − 2ã>(y − Ey)‖(I − PF )Ey‖2

=‖Xβ − y‖2
2 − ‖y − Ey‖2

2 + 2(y − Ey)>PF (Xβ − PF Ey) − 2ã>(y − Ey)‖(I − PF )Ey‖2

≤‖Xβ − y‖2
2 − ‖y − Ey‖2

2 + 2δ1‖Xβ − PF Ey‖2 + 2δ2‖(I − PF )Ey‖2

≤‖Xβ − y‖2
2 − ‖y − Ey‖2

2 + 2
√

δ2
1 + δ2

2

√

‖Xβ − PF Ey‖2
2 + ‖(I − PF )Ey‖2

2

=‖Xβ − y‖2
2 − ‖y − Ey‖2

2 + 2
√

δ2
1 + δ2

2‖Xβ − Ey‖2.

�xql qtmq op qtl myx�l slno�mqoxp� �l tm�l {rls qtl �m~q qtmq PF Xβ = Xβ � mps ‖Xβ − PF Ey‖2
2 +

‖(I − PF )Ey‖2
2 = ‖Xβ − Ey‖2

2
�

�x�� y� rxv�opw qtl myx�l opl�{mvoq�� �l xyqmop

‖Xβ − Ey‖2
2 ≤

[

√

‖Xβ − y‖2
2 − ‖y − Ey‖2

2 + δ2
1 + δ2

2 +
√

δ2
1 + δ2

2

]2

≤(1 + a)[‖Xβ − y‖2
2 − ‖y − Ey‖2

2] + (2 + a + 1/a)(δ2
1 + δ2

2).

�tl slronls yx{ps px� �xvvx�r lmrov� �nxz �nxuxroqoxp ³�� mps �lzzm ���� �tlnl �l  px� qtmq
�oqt unxymyovoq� 1 − η/2 �

δ2
1 = (y − Ey)>PF (y − Ey) ≤ σ2(7.4|F | + 2.7 ln(4/η)),

mps �oqt unxymyovoq� 1 − η/2 �
δ2
2 = |ã>(y − Ey)|2 ≤ 2σ2 ln(4/η).

kl xyqmop qtl slronls nlr{vq y� r{yrqoq{qopw qtl myx�l q�x lrqozmqlr mps rozuvo���

b¼��� :Ãä .ËààÇÈÏ ÉÕÒÉ ÅÈÈËáàÉÍÇÌ  Ý! ÍÈ ÛÒÓÍÎÝ ÞÕÏÌ �Ï ÕÒÛÏ �ÍÉÕ àßÇÑÒÑÍÓÍÉã 1 − η æ ∀β ∈ R
p

ÒÌÎ a > 0 �

‖Xβ − Ey‖2
2 ≤ (1 + a)

[

‖Xβ − y‖2
2 − ‖y − Ey‖2

2

]

+ (2 + a + 1/a)σ2[7.4c(β) + 4.7 ln(4/η)].

�¨



ÿ�ÁÁ� �xql qtmq �xn lm~t F � �oqt unxymyovoq� 2−cl(F )η � �l xyqmop �nxz �lzzm ��� qtmq ∀supp(β) ∈
F �

‖Xβ − Ey‖2
2 ≤ (1 + a)

[

‖Xβ − y‖2
2 − ‖y − Ey‖2

2

]

+ (2 + a + 1/a)σ2[7.4(|F | + cl(F )) + 4.7 ln(4/η)].

�op~l ∑

F⊂I,F 6=∅ 2−cl(F )η ≤ η � qtl nlr{vq �xvvx�r �nxz qtl {poxp yx{ps�

b¼��� :ÃÂ 7ÇÌÈÍÎÏß Ò ÐâÏÎ ÈËÑÈÏÉ F̄ ⊂ I Ý åÍÛÏÌ ÒÌã η ∈ (0, 1)æ �Ï ÕÒÛÏ �ÍÉÕ àßÇÑÒÑÍÓÍÉã 1 − η �

|‖Xβ̄ − y‖2
2 − ‖y − Ey‖2

2| ≤ ‖Xβ̄ − Ey‖2
2 + 2σ

√

2 ln(2/η)‖Xβ̄ − Ey‖2.

ÿ�ÁÁ� �lq ã = (Xβ̄ − Ey)/‖Xβ̄ − Ey‖2
� �l tm�l

|‖Xβ̄ − y‖2
2 − ‖y − Ey‖2

2|
=| − 2(Xβ̄ − Ey)>(y − Ey) + ‖Xβ̄ − Ey‖2

2|
≤2‖Xβ̄ − Ey‖2|ã>(y − Ey)| + ‖Ey − Xβ̄‖2

2.

�tl slronls nlr{vq px� �xvvx�r �nxz �lzzm ����

b¼��� :Ã� .ËààÇÈÏ ÉÕÒÉ ÅÈÈËáàÉÍÇÌ  Ý! ÍÈ ÛÒÓÍÎÝ 7ÇÌÈÍÎÏß ÒÌã ÐâÏÎ ÉÒßÔÏÉ β̄ ∈ R
p Ý ÞÕÏÌ �ÍÉÕ

àßÇÑÒÑÍÓÍÉã ÏâÆÏÏÎÍÌÔ 1− η æ Ê Çß ÒÓÓ λ ≥ 0, ε ≥ 0, β̂ ∈ R
p ÈËÆÕ ÉÕÒÉ� Q̂(β̂) + λc(β̂) ≤ Q̂(β̄) + λc(β̄)+ εæÒÌÎ ÊÇß ÒÓÓ a > 0æ �Ï ÕÒÛÏ

‖Xβ̂ − Ey‖2
2 ≤(1 + a)[‖Xβ̄ − Ey‖2

2 + 2σ
√

2 ln(6/η)‖Xβ̄ − Ey‖2]

+ (1 + a)λc(β̄) + a′c(β̂) + b′ ln(6/η) + (1 + a)ε,

�ÕÏßÏ a′ = 7.4(2+a+a−1)σ2− (1+a)λ ÒÌÎ b′ = 4.7σ2(2+a+a−1)
Ý $ÇßÏÇÛÏßæ ÍÊ ÉÕÏ ÆÇÎÍÌÔ ÈÆÕÏáÏ

c(·) ÍÈ ÈËÑ×ÒÎÎÍÉÍÛÏæ ÉÕÏÌ

nρ−(c(β̂) + c(β̄))‖β̂ − β̄‖2
2 ≤ 10‖Xβ̄ − Ey‖2

2 + 2.5λc(β̄) + (37σ2 − 2.5λ)c(β̂) + 29σ2 ln(6/η) + 2.5ε.

ÿ�ÁÁ� kl xyqmop �nxz qtl {poxp yx{ps x� �lzzm ��� ��oqt unxymyovoq� 1− η/3� mps �lzzm ���
��oqt unxymyovoq� 1 − 2η/3� qtmq �oqt unxymyovoq� 1 − η �

‖Xβ̂ − Ey‖2
2

≤(1 + a)
[

‖Xβ̂ − y‖2
2 − ‖y − Ey‖2

2

]

+ (2 + a + a−1)[7.4σ2c(β̂) + 4.7σ2 ln(6/η)]

≤(1 + a)
[

‖Xβ̄ − y‖2
2 − ‖y − Ey‖2

2 + λc(β̄) + ε
]

+ a′c(β̂) + b′ ln(6/η)

≤(1 + a)[‖Xβ̄ − Ey‖2
2 + 2σ

√

2 ln(6/η)‖Xβ̄ − Ey‖2] + (1 + a)λc(β̄) + a′c(β̂)

+ b′ ln(6/η) + (1 + a)ε.

�tor unx�lr qtl |nrq ~vmoz x� qtl qtlxnlz�
�¬



�tl |nrq ~vmoz �oqt a = 1 ozuvolr qtmq

‖Xβ̂ − Xβ̄‖2
2 ≤ [‖Xβ̂ − Ey‖2 + ‖Xβ̄ − Ey‖2]

2

≤1.25‖Xβ̂ − Ey‖2
2 + 5‖Xβ̄ − Ey‖2

2

≤7.5‖Xβ̄ − Ey‖2
2 + 5σ

√

2 ln(6/η)‖Xβ̄ − Ey‖2 + 2.5λc(β̄) + 1.25(29.6σ2 − 2λ)c(β̂)

+ 1.25 × 18.8σ2 ln(6/η) + 2.5ε

≤10‖Xβ̄ − Ey‖2
2 + 2.5λc(β̄) + (37σ2 − 2.5λ)c(β̂) + 29σ2 ln(6/η) + 2.5ε.

�op~l c(β̂ − β̄) ≤ c(β̂) + c(β̄) � �l tm�l ‖Xβ̂ − Xβ̄‖2
2 ≥ nρ−(c(β̂) + c(β̄))‖β̂ − β̄‖2

2
� �tor ozuvolr qtl

rl~xps ~vmoz�

còøøQ øQ Kýûøòû� ��2
kl qm l λ = 0 op �lzzm ��̈ � mps xyqmop�

‖Xβ̂ − Ey‖2
2 ≤(1 + a)[‖Xβ̄ − Ey‖2

2 + 2σ
√

2 ln(6/η)‖Xβ̄ − Ey‖2]

+ 7.4(2 + a + a−1)σ2c(β̂) + 4.7σ2(2 + a + a−1) ln(6/η) + (1 + a)ε

=(‖Xβ̄ − Ey‖2 + σ
√

2 ln(6/η))2 + 14.8σ2c(β̂) + 7.4σ2 ln(6/η) + ε

+ a[(‖Xβ̄ − Ey‖2 + σ
√

2 ln(6/η))2 + 7.4σ2c(β̂) + 2.7σ2 ln(6/η) + ε]

+ a−1[7.4σ2c(β̂) + 4.7σ2 ln(6/η)].

�x� vlq z = ‖Xβ̄ − Ey‖2 + σ
√

2 ln(6/η) � mps �l ~txxrl a
qx zopozo�l qtl nowtq tmps rosl mr�

‖Xβ̂ − Ey‖2
2 ≤z2 + 14.8σ2c(β̂) + 7.4σ2 ln(6/η) + ε

+ 2[z2 + 7.4σ2c(β̂) + 2.7σ2 ln(6/η) + ε]1/2[7.4σ2c(β̂) + 4.7σ2 ln(6/η)]1/2

≤[(z2 + 7.4σ2c(β̂) + 2.7σ2 ln(6/η) + ε)1/2 + (7.4σ2c(β̂) + 4.7σ2 ln(6/η))1/2 ]2

≤[z + 2(7.4σ2c(β̂) + 4.7σ2 ln(6/η) + ε)1/2]2.

�tor unx�lr qtl |nrq opl�{mvoq�� �tl rl~xps opl�{mvoq� �xvvx�r sonl~qv� �nxz �lzzm ��̈ �oqt λ = 0 �
còøøQ øQ Kýûøòû� ��8
�tl slronls yx{ps or m sonl~q ~xprl�{lp~l x� �lzzm ��̈ � y� pxqo~opw qtmq

2σ
√

2 ln(6/η)‖Xβ̄ − Ey‖2 ≤ a‖Xβ̄ − Ey‖2
2 + a−12σ2 ln(6/η),

a′ ≤ 0 � mps
b′ + a−12σ2 ≤ (10 + 5a + 7a−1)σ2.

�³



T `eff� f� �£fe£ê �aç ¥cg �£fe£ê �a


�tl �xvvx�opw vlzzm or mp msmuqmqoxp x� m rozovmn nlr{vq op ��³� xp wnlls� mvwxnoqtzr �xn rqmpsmns
rumnroq��
b¼��� »ÃÄ .ËààÇÈÏ ÉÕÏ ÆÇÎÍÌÔ ÈÆÕÏáÏ ÍÈ ÈËÑ×ÒÎÎÍÉÍÛÏÝ 7ÇÌÈÍÎÏß ÒÌã β̄ æ ÒÌÎ Ò ÆÇÛÏß ÇÊ β̄ Ñã B �

supp(β̄) ⊂ F̄ = ∪b
j=1B̄j (B̄j ∈ B).

�ÏÉ c(β̄,B) =
∑b

j=1 c(B̄j)
Ý �ÏÉ ρ0 = maxj ρ+(B̄j)

Ý ÞÕÏÌ ÊÇß ÒÓÓ F ÈËÆÕ ÉÕÒÉ c(B̄j ∪ F ) ≥ c(F )æ
β = arg min

β′∈Rp
‖Xβ′ − y‖2

2
ÈËÑ� ÏÆÉ ÉÇ supp(β′) ⊂ F,

ÒÌÎ ‖Xβ − y‖2
2 ≥ ‖Xβ̄ − y‖2

2 æ �Ï ÕÒÛÏ

max
j

φ(B̄j) ≥
ρ−(F ∪ F̄ )

ρ0c(β̄,B)
[‖Xβ − y‖2

2 − ‖Xβ̄ − y‖2
2],

�ÕÏßÏ ÒÈ ÍÌ ÖgÙæ �Ï ÎÏÐÌÏ
φ(B) =

‖PB−F (Xβ − y)‖2
2

c(B ∪ F ) − c(F )
.

ÿ�ÁÁ� �xn mvv ` ∈ F � ‖Xβ + αXe` − y‖2
2

m~tol�lr qtl zopoz{z mq α = 0 ��tlnl
e`

or qtl �l~qxn
x� �lnxr l}~luq �xn qtl `�qt ~xzuxplpq� �to~t or xpl�� �tor ozuvolr qtmq

x
>
` (Xβ − y) = 0

�xn mvv ` ∈ F � �tlnl�xnl �l tm�l
(Xβ − y)>

∑

`∈F̄−F

(β̄` − β`)x`

=(Xβ − y)>
∑

`∈F̄∪F

(β̄` − β`)x` = (Xβ − y)>(Xβ̄ − Xβ)

= − 1

2
‖X(β̄ − β)‖2

2 +
1

2
‖Xβ̄ − y‖2

2 −
1

2
‖Xβ − y‖2

2.

�x�� vlq B̄′
j ⊂ B̄j − F

yl sor�xopq rlqr r{~t qtmq ∪jB̄
′
j = F̄ − F � �tl myx�l opl�{mvoq� vlmsr qx qtl�xvvx�opw slno�mqoxp ∀η > 0 �

−
∑

j

φ(B̄j)(c(B̄j ∪ F ) − c(F ))

≤
∑

j







∥

∥

∥

∥

∥

∥

∥

Xβ + η
∑

`∈B̄′

j

(β̄` − β`)x` − y

∥

∥

∥

∥

∥

∥

∥

2

2

− ‖Xβ − y‖2
2







≤η2
∑

`∈F̄−F

(β̄` − β`)
2ρ0n + 2η(Xβ − y)>

∑

`∈F̄−F

(β̄` − β`)x`

≤η2
∑

`∈F̄−F

(β̄` − β`)
2ρ0n − η‖X(β̄ − β)‖2

2 + η‖Xβ̄ − y‖2
2 − η‖Xβ − y‖2

2.

�²



�xql qtmq �l tm�l {rls qtl �m~q qtmq ‖PB−F (Xβ − y)‖2
2 ≥ ‖Xβ − y‖2

2 − ‖Xβ − y + X∆β‖2
2

�xn mvv
∆β r{~t qtmq supp(∆β) ⊂ B − F � ©� xuqozo�opw x�ln η � �l xyqmop

max
j

φ(B̄j)
∑

j

c(B̄j) ≥
∑

j

φ(B̄j)(c(B̄j ∪ F ) − c(F ))

≥ [‖X(β̄ − β)‖2
2 + ‖Xβ − y‖2

2 − ‖Xβ̄ − y‖2
2]

2

4
∑

`∈F̄−F (β̄` − β`)2ρ0n

≥4‖X(β̄ − β)‖2
2[‖Xβ − y‖2

2 − ‖Xβ̄ − y‖2
2]

4
∑

`∈F̄−F (β̄` − β`)2ρ0n

≥ρ−(F ∪ F̄ )

ρ0
[‖Xβ − y‖2

2 − ‖Xβ̄ − y‖2
2].

�tor vlmsr qx qtl slronls yx{ps�

còøøQ øQ Kýûøòû� ��h
�lq

γ′ =
γρ−(s + c(F̄ ))

ρ0(B)c(β̄,B)
.

©� �lzzm ���� �l tm�l mq mp� rqlu k > 0 �

‖Xβ(k−1) − y‖2
2 − ‖Xβ(k) − y‖2

2 ≥ γ′[‖Xβ(k−1) − y‖2
2 − ‖Xβ̄ − y‖2

2](c(β
(k)) − c(β(k−1)),

�to~t ozuvolr qtmq

max[0, ‖Xβ(k) − y‖2
2 − ‖Xβ̄ − y‖2

2] ≤ max[0, ‖Xβ(k−1) − y‖2
2 − ‖Xβ̄ − y‖2

2]e
−γ′(c(β(k))−c(β(k−1)).

�tlnl�xnl mq rqxuuopw� �l tm�l

‖Xβ(k) − y‖2
2 − ‖Xβ̄ − y‖2

2

≤[‖y‖2
2 − ‖Xβ̄ − y‖2

2]e
−γ′c(β(k))

≤[‖y‖2
2 − ‖Xβ̄ − y‖2

2]e
−γ′s ≤ ε.

�tor unx�lr qtl qtlxnlz�
còøøQ øQ Kýûøòû� ��i
�xn rozuvo~oq�� vlq fj = Q̂(β̄j)

� �xn lm~t k � vlq jk
yl qtl vmnwlrq j r{~t qtmq

Q̂(β(k)) ≥ fj + fj − f0 + ε.

�lq γ′ = (γ minj ρ−(s + c(β̄j)))/(ρ0(B)c(β̄0,B)) �kl unx�l y� ~xpqnmso~qoxp� �{uuxrl qtmq qtl qtlxnlz sxlr pxq txvs� qtlp �xn mvv k
yl�xnl

rqxuuopw� �l tm�l jk ≥ 0 �

�



�xn lm~t k > 0
yl�xnl rqxuuopw� o� jk = jk−1 = j � qtlp �l tm�l �nxz �lzzm ��� ��oqt β̄ = β̄j

�

c(β(k)) ≤ c(β(k−1)) + γ′−12−j ln
‖Xβ(k−1) − y‖2

2 − fj

‖Xβ(k) − y‖2
2 − fj

.

�tlnl�xnl �xn lm~t j ≥ 0 � �l tm�l�
∑

k:jk=jk−1=j

[c(β(k)) − c(β(k−1))] ≤ γ′−12−j ln
2(fj+1 − f0 + ε)

fj − f0 + ε
.

�xnlx�ln� �xn lm~t j ≥ 0 � �lzzm ��� ��oqt β̄ = β̄j
� ozuvolr qtmq

∑

k:jk=j,jk−1>j

[c(β(k)) − c(β(k−1))] ≤ γ′−12−j .

�tlnl�xnl �l tm�l
∑

k:jk=j

[c(β(k)) − c(β(k−1))] ≤ γ′−12−j

[

1.7 + ln
fj+1 − f0 + ε

fj − f0 + ε

]

.

�x� y� r{zzopw x�ln j ≥ 0 � �l tm�l

c(β(k)) ≤ 3.4γ′−1 + γ′−1
∞
∑

j=0

2−j ln
fj+1 − f0 + ε

fj − f0 + ε
≤ s.

�tor or m ~xpqnmso~qoxp yl~m{rl �l  px� mq rqxuuopw� �l rtx{vs tm�l c(β(k)) > s �

è `eff� f� ffef¤¤¥eº �aa

�o�lp s′ � �l ~xprosln fj = min`≥j Q̂(β̄(s′/2`)) � kl zm� mrr{zl qtmq f0
or m~tol�ls �oqt `0 = 0 �

�xql qtmq y� �lzzm ���� �l tm�l �oqt unxymyovoq� 1 − 2−j−1η �

|Q̂(β̄(s′/2j)) − ‖y − Ey‖2
2| ≤2‖Xβ̄(s′/2j) − Ey‖2

2 + 2σ2[j + 1 + ln(2/η)]

≤2an2qj/s′q + 2σ2[j + 1 + ln(2/η)].

�tor zlmpr qtl myx�l opl�{mvoq� txvsr �xn mvv j �oqt unxymyovoq� 1−η � �x�� y� qm opw ε = 2an/s′q +
2σ2[ln(2/η) + 1] op �tlxnlz ³�¬� �l xyqmop

∞
∑

j=0

2−j ln
fj+1 − f0 + ε

fj − f0 + ε
≤

∞
∑

j=`0

2−j ln(1 + (fj+1 − f0)/ε)

≤
∞

∑

j=`0

2−j ln(2 + 2(j + 2q(j+1)))

≤
∞

∑

j=`0

2−j(ln 2 + 1 + j + q(j + 1) ln 2) ≤ 2 + 4(1 + q ln 2),

�®



�tlnl �l tm�l {rls qtl rozuvl opl�{mvoq� ln(α + β) ≤ α + ln(β) �tlp α, β ≥ 1 � �tlnl�xnl�

s ≥ ρ0(B)s′

γ minu≤s′ ρ−(s + c(β̄(u)))
(10 + 3q)

≥ ρ0(B)s′

γ minu≤s′ ρ−(s + c(β̄(u)))



3.4 +

∞
∑

j=0

2−j ln
fj+1 − f0 + ε

fj − f0 + ε



 .

�tor zlmpr qtmq �tlxnlz ³�¬ ~mp yl muuvols qx xyqmop qtl slronls yx{ps�

�µ


