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Quicksort

* Proposed by C.A.R. Hoare 1in 1962.

* Divide-and-conquer algorithm.

* Sorts “in place” (like msertion sort, but not
like merge sort).

* Very practical (with tuning).
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Divide and Conquer

Quicksort an n-element array:

1. Divide: Partition the array into two subarrays
around a pivet x such that elements 1n lower
subarray < x < elements 1n upper subarray.

2. Conquer: Recursively sort the two subarrays.

3. Combine: Trivial.

Key: Linear-time partitioning subroutine.
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Partitioning Subroutine

PARTITION(A, p, g) B> A|p .. q| -
x < A|p] >pivot = A[p] | Running time
[ <D = O(n) for n

forj<—p+1tog
: clements.
doif 4| /| <x

then /<« /+ 1
exchange A|i]| <> A| /]
exchange A| p| <> A|i]
return /

Invariant:
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Example of Partitioning
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Example of Partitioning
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Example of Partitioning
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Example of Partitioning
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Example of Partitioning
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Running Time for PARTITION

The running time of PARTITION on the subarray A[p...7]
is @(n) where n=rp+1
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Pseudo code for Quicksort

(QUICKSORT(A, p, r)
if p<r
then ¢ <— PARTITION(A, p, r)
(QQUICKSORT(A, p, g—1)
QUICKSORT(A, g+1, r)

Initial call: QUICKSORT(A, 1, n)
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Analysis of Quicksort

* Assume all input elements are distinct.

* In practice, there are better partitioning
algorithms for when duplicate input
clements may exist.

» Let 7(n) = worst-case running time on
an array of » elements.
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Worst-case of Quicksort

* Input sorted or reverse sorted.
e Partition around min or max element.

* One side of partition always has no elements.
T(n)=TO0)+T(n—-1)+O(n)
=)+ T(n—-1)+0O(n)
=T(n-1)+O(n)

= O(n?) (arithmetic series)
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Worst-case Decision Tree

T(n) = T(0) + T(n—1) + cn

Ccn
/N
T(0) c(n—1)
P
7(0) c(n-2)
P
16 -
g
O(1)
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Worst-case Decision Tree
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Worst-case Analysis

For the worst case, we can write the recurrence equation as

I'(n)=max {T(qg)+T(n—q—1)} +O(n)

0<g<n—1

We guess that 7'(n) < cn’

T(n) < max {cq” +c(n—q—1)"}+ O(n)

0<g<n-1

—c-max {g°+(n—q -1} +0O(n)

0<g<n—1
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Worst-case Analysis

This expression achieves a maximum at either end points:
q=0 or g=n-1.
Using the maximum of 7(n) we have

T(n) < max {c§ +c(n—4—1)"}+ O(n)

0<g<n-1
T(n)<cn’—c(2n—1)+0O(n)

<cn’
Thus
T(n)=0(n).
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Worst-case Analysis

We can also show that the recurrence equation as

I'(n)=max {T(qg)+T(n—q—1)} +O(n)

0<g<n—1
Has a solution of T'(n)=Q(n?”)
We guess that T(n) > cn’

T'(n)=> Ogngu:{cqz +c(n—g-1+0(n)
—c-max {g°+(n—q -1} +0(n)

0<g<n-1
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Worst-case Analysis

Using the maximum of 7{(n) we have

T(n)=cn® —c(2n—-1)+ 0O(n)
=cn’ —c(2n—1)+cn
=cn’ +(c,—2c)n+c
>cn’ +(c, —2c)n

We can pick the constant ¢, large enough so that ¢, — 2¢20

and T(n)>cn’ =Q(n”)

Thus the worst case running time of quicksortis @(n*)
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Best-case Analysis

(For intuition only!)

[f we’re lucky, PARTITION splits the array evenly:

I(n) =21(n/2) + O(n)
=Q(n lg n) (same as merge sort)

: - ] . 9
What if the split 1s always 75"

T(n)=T(Ln)+T(2n)+0O(n)

10 10

What 1s the solution to this recurrence?
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Analysis of Almost Best-case

I'(n)
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Analysis of Almost Best-case
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Analysis of Almost Best-case
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Analysis of Almost Best-case
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Analysis of Almost Best-case

o /N7 \logiown

-+ - ;l . Hi * o R e e »
mﬁﬁ miﬁ m(.i? m(.f’? cn

! 7\ N\
@)(1) ‘ O(n) leaves l \
O(nlgn) O(1)
Lucky! cnlog,,n < T(n) < cnlog,yon + An)
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Best-case Analysis

For the best case, we can write the recurrence equation as

I'(n)= min {T(q)+T(n—qg—-1)}+0O(n)

0<g<n-1

We guess that
T'(n)>cnlogn =Q(nlogn)
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Best-case Analysis

I'(n)2 min {cqglog g+c(n—qg-—-1)log(n—-—qg—-1)} +06O(n)

0<g<n-1

=c- min {glogg+(n—-qg—-1)log(n—-qg—-1)} +O(n)

0<g<n-1

Let O =qglogg+(n—qg—-1)log(n—qg—-1)

d0 1dg = ctL 1 log g —log(n—q—1)— L=4=Dy_
q (n—-g-1)
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Best-case Analysis

This expression achieves a minimum at

Using the minimum of 7(z1) we have

n-—1 n—-1 n-1 n—1
lo + lo + O(n
S log— S log— §+0O(n)

=cnlog(n—1)+c(n—1)+0O(n)
=cnlog(n—1)+ O(n)

> cnlogn

= Q(nlogn)

T'(n)=>c{
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More Intuition

Suppose we alterna
lucky, unlucky, luc

te lucky, unlucky,
Y, ...

L(n) =2U(n/2) + O(n) lucky

Un)=L(n—1)-

Solving:
L(n) =2(L(n/2 —
=2L(n/2 —
= O(n lg n)

- O(n)  unlucky

1) + ©(n/2)) + O(n)
1) + Oln)
Lucky!

How can we make sure we are usually lucky?
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Randomized Quicksort

IDEA: Partition around a random clement.

* Running time 1s independent of the mput
order.

* No assumptions need to be made about
the mput distribution.

* No specific input elicits the worst-case
behavior.

* The worst case 1s determined only by the
output of a random-number generator.
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Randomized Quicksort

Standard Problematic Algorithm :

QUICKSORT(A, p, 1)
it p<r
then g < PARTITION(A, p, 1)
(QUICKSORT(A, p, g—1)
QUICKSORT(A, g+1, r)

Initial call: QUICKSORT(A4, 1, n)
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Randomized Quicksort

RANDOMIZED-PARTITION (4, p, 7)

1
2
3

i«—RANDOM(p, r)
exchange A[r]«—AJi]
return PARTITION(4, p, r)

RANDOMIZED-QUICKSORT (4,p,)

1
2

if p<r
then g«—RANDOMIZED-PARTITION (4, p, r)

RANDOMIZED-QUICKSORT (4, p, g-1)
RANDOMIZED-QUICKSORT (4, g+1, r)

Dept. CSE, UT Arlington CSE5311 Design and Analysis of Algorithms

39



Randomized Quicksort

Let 7(») = the random variable for the running
time of randomized quicksort on an put of size
n, assuming random numbers are independent.

For k=0, 1, ..., n—1, detine the indicator
random variable

v — { [ 1f PARTITION generates a & : n—k—1 split,

!

0 otherwise.

E1X, ] = Pr{X,= 1} = 1/n, since all splits are
equally likely, assuming elements are distinct.
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Randomized Quicksort Analysis

" T(0) + T(n—1) + O(n) if0:n—1 split,

T(r) =< T(1)+: T(n—2)+O(n) 1f 1 :n-2 splt,

I (n—1)+7(0) + ©(n) 1f n—1:0 split,

n—I
=Y X (T(k)+T(n—k—-1)+O(n)).
k=0
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Calculating Expectation

ElT(n)]= ZX;( T(k)+T(n—k-1)+0(n)) Take expectation
L k=0 in both side

n—1
= Y EX (T(h)+T(n—k -1)+O(n))]
k=0
n—1 Independence of X,
= ZE[X},{ ] E[T(ff) +T(n—-k-1+ (“)(ra}] from other random

k=0 choice
n—1 n—1 ”—I
= LN E[rk))+1 S E[T(n-k-1)]+ Z@(m
-0 Ly k=0

Linearity of expectation; £[.X, | = 1/n.
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Calculating Expectation

E|T(n)|= ”ZIX T{/{)+T{H—/{—l)+(~)(ﬁ))
k=0

= th[Xk (T +T(n-k-1)+ (“')[H))]
k=0

— HfE[Xk]- E|lT(k)+T(n—k—-1)+0(n)]
k=0
IEE[T(;&*]] ”ZIE[T(H k—D]+ ”Zi@(m
L) Oy 1 k-0

n—1

- 2N E[T(h]+©(n)  Summations have
k= identical terms.
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Calculating Expectation

E[T(n)]= ZL T(k)]+0O(n)

(The £ =0, | terms can be absorbed 1n the ®(n).)

Prove: E[T(n)] < anlgn for constant a > 0.

* Choose a large enough so that anlgn
dominates £|[7(n)]| for sufficiently small » = 2.

Use fact: Zk sn2lgn—n? (exercise).
k=2
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Calculating Expectation

(/21
Zklgk— S klghk + Zklgk
k=1 k=1 k={n/2|

The lg k 1n the first summation 1s bounded above by 1g (n/2) =

The lg k£ 1n the second summation 1s bounded above by Ig n

[n/2]1
<(gn-1) Yk+lgn zk
k=1 k=[n/2]

n-1  [n/2H1

=lgn) k- Zk
k=1

n n
<—nn-Dign——(=-1)—
2( )1g 2(2 )3

1 1
<—n’len——n
2 5 8

For n > 2 this is the bound.
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Substitution Method

I’?l

E[T(m)]<2Y aklgk +O(n)
" =2
= 2; (; n?lgn-— énz) + O(n)

=anlgn — (‘CZ? — @(FF))

Lanlen.

1f @ 1s chosen large enough so that
an/4 dominates the O(n).
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Quicksort: Summary

* Quicksort 1s a great general-purpose
sorting algorithm.

* Quicksort 1s typically over twice as fast
as merge Sort.

* Quicksort can benefit substantially from
code tuning.

* Quicksort behaves well even with
caching and virtual memory.
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