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Fall 2002 
 

 
The code (http://reptar.uta.edu/NOTES5311/obst.c) is as follows: 
 
// Optimal binary search tree 
 
#include <stdio.h> 
 
#define MAXKEYS (30) 
 
int n; // number of keys 
int key[MAXKEYS+1]; 
float p[MAXKEYS+1]; // probability of hitting key i 
float q[MAXKEYS+1]; // probability of missing between key[i-1] and  
key[i] 
float c[MAXKEYS+1][MAXKEYS+1]; // cost of subtree 
int r[MAXKEYS+1][MAXKEYS+1]; // root of subtree 
float w[MAXKEYS+1][MAXKEYS+1]; // accumulated p and q 
 
void opttree() 
{ 
float x,min; 
int i,j,k,h,m; 
 
for (i<0;i<=n;i++) 
  c[i][i]=0;  // width of tree h=0 
for (i=0;i<n;i++) // width of tree h=1 
{ 
  j=i+1; 
  c[i][j]=w[i][j]; 
  r[i][j]=j; 
} 
for (h=2;h<=n;h++) 
  for (i=0;i<=n-h;i++) 
  { 
    j=i+h; 



    printf("Building c(%d,%d) using roots %d thru %d\n", 
      i,j,r[i][j-1],r[i+1][j]); 
    m=r[i][j-1]; 
    min=c[i][m-1]+c[m][j]; 
    for (k=m+1;k<=r[i+1][j];k++) 
    { 
      x=c[i][k-1]+c[k][j]; 
      if (x<min) 
      { 
        m=k; 
        min=x; 
      } 
    } 
    c[i][j]=min+w[i][j]; 
    r[i][j]=m; 
  } 
} 
 
void prefix(int i,int j) 
// prints optimal binary search tree 
{ 
if (i<j) 
{ 
  printf("%d",key[r[i][j]]); 
  if (i<r[i][j]-1 && r[i][j]<j) 
  { 
    printf("("); 
    prefix(i,r[i][j]-1); 
    printf(","); 
    prefix(r[i][j],j); 
    printf(")"); 
  } 
  else if (i<r[i][j]-1) 
  { 
    printf("("); 
    prefix(i,r[i][j]-1); 
    printf(","); 
    printf(")"); 
  } 
  else if (r[i][j]<j) 
  { 
    printf("("); 
    printf(","); 
    prefix(r[i][j],j); 
    printf(")"); 
  } 
} 
} 
 
main() 
{ 
int i,j; 
 
n=4; 
q[0]=0.01; 
key[1]=5; 
p[1]=0.03; 



q[1]=0.02; 
key[2]=10; 
p[2]=0.16; 
q[2]=0.08; 
key[3]=15; 
p[3]=0.20; 
q[3]=0.20; 
key[4]=20; 
p[4]=0.1; 
q[4]=0.2; 
 
for (i=0;i<=n;i++) 
{ 
  w[i][i]=q[i]; 
  printf("w[%d][%d]=%f\n",i,i,w[i][i]); 
  for (j=i+1;j<=n;j++) 
  { 
    w[i][j]=w[i][j-1]+p[j]+q[j]; 
    printf("w[%d][%d]=%f\n",i,j,w[i][j]); 
  } 
} 
opttree(); 
printf("Average probe length is %f\n",c[0][n]/w[0][n]); 
printf("trees in parenthesized prefix\n"); 
for (i=0;i<=n;i++) 
  for (j=0;j<=n-i;j++) 
  { 
    printf("c(%d,%d) cost %f ",j,j+i,c[j][j+i]); 
    prefix(j,j+i); 
    printf("\n"); 
  } 
} 
 
The outputs are as follows: 
 
w[0][0]=0.010000 
w[0][1]=0.060000 
w[0][2]=0.300000 
w[0][3]=0.700000 
w[0][4]=1.000000 
w[1][1]=0.020000 
w[1][2]=0.260000 
w[1][3]=0.660000 
w[1][4]=0.960000 
w[2][2]=0.080000 
w[2][3]=0.480000 
w[2][4]=0.780000 
w[3][3]=0.200000 
w[3][4]=0.500000 
w[4][4]=0.200000 
Building c(0,2) using roots 1 thru 2 
Building c(1,3) using roots 2 thru 3 
Building c(2,4) using roots 3 thru 4 
Building c(0,3) using roots 2 thru 3 
Building c(1,4) using roots 3 thru 4 
Building c(0,4) using roots 3 thru 3 



Average probe length is 1.860000 
trees in parenthesized prefix 
c(0,0) cost 0.000000  
c(1,1) cost 0.000000  
c(2,2) cost 0.000000  
c(3,3) cost 0.000000  
c(4,4) cost 0.000000  
c(0,1) cost 0.060000 5 
c(1,2) cost 0.260000 10 
c(2,3) cost 0.480000 15 
c(3,4) cost 0.500000 20 
c(0,2) cost 0.360000 10(5,) 
c(1,3) cost 0.920000 15(10,) 
c(2,4) cost 1.260000 20(15,) 
c(0,3) cost 1.060000 15(10(5,),) 
c(1,4) cost 1.720000 15(10,20) 
c(0,4) cost 1.860000 15(10(5,),20) 
 

 
  3     Upper Bound by Substitution 
  

 
   
4     Upper Bound by Iteration 
 

 
 
 



5     Upper and Lower Bound by Substitution 
 

 

 
6     Upper Bound by Iteration  

 



7     Red-Black Tree Insertion 
 
Figure 2 shows the modifications to the tree resulting from the addition of 160. 
Nodes which have modified R/B values are depicted by a dashed outline. An empty 
square represents an unchanged subtree. 

 
 

Figure 2: Insertion of 160 into Red-Black Tree 
 
8    Red-Black Tree Insertion  
 
Figure 3 shows the modifications to the tree resulting from the addition of 95. Nodes 
which have modified R/B values are depicted by a dashed outline. An empty square 
represents an unchanged subtree. 

Case 1
 

Case 2
 



 
Figure 3: Insertion of 95 into Red-Black Tree 

 
 
9     Red-Black Tree Deletion 
Figure 4 shows the modifications to the tree resulting from the deletion of 80. Nodes 
which have modified R/B values are depicted by a dashed outline. An empty square 
represents an unchanged subtree. 
 

Case 1
 

Case 3
 

Case 2
 



 
 

Figure 4: Deletion of 80 from Red-Black Tree 
 
10   Red-Black Tree Deletion 
 
Figure 5 shows the modifications to the tree resulting from the deletion of 30. Nodes 
which have modified R/B values are depicted by a dashed outline. An empty square 
represents an unchanged subtree. 
 
11  AVL Tree Insertion and Deletion 
 
Figures 6 and 7 show various stages of the insertions. Figure 8 shows the results of 
the specified deletions. 
 



 
 

Figure 5: Deletion of 30 from Red-Black Tree 
 

Case 4
 



 
 

Figure 6: AVL Insertion of 850 thru 950 
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Figure 7: AVL Insertion of 450 thru 412 
 

 
 

Figure 8: AVL Deletion of 412 thru 480 
 

 
 
 
 
 
 
 
 
 
 
 
 
 

RL Case 
 



 
12  Problem 4.3-1 
 

 

 
 
 
 
 
 
 
 
 
 
 



 
13  Problem 4.3-2 

 
14  Problem C-1 
 

 



 
15  Problem 9.3-1 
 

 

 
 
 
 



16  Problem 11.4-1 
 

 
 
17  Problem 14.2-2 
 

 
 

 
 

Table 1. Solutions to Problem 11.4-1 
 
18  Problem 14.2-3 

 
 



19  Binomial Queue Question 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



20  Binomial Queue Merge 
 
Figure 9 shows the steps involved in merging the two binomial queues. 
 

 
 

Figure 9: Merge of Binomial Queues 
 

 



21  AVL Tree Deletion 
 
Figure 10 shows the results of the special deletion. Empty boxes are used to denote 
unchanged subtrees. 
 

 
 

Figure 10: Deletion of 36 from AVL Tree 
 
 
 
 
 
 
 
 
 
 
 
 



22  Optimal BST Construction 
 

 
Figure 11: Optimal BST 

 
 
23  Amortized Complexity Analyses 
 
Potential method: Assuming a sequence of operations, the potential function is Ci^ = 
Ci + Φ(Di) -Φ(Di-1), where Ci = actual cost of ith operation, Ci^ = amortized cost, Di-1  
= D.S. state before ith operation, Di = D.S. state after ith operation. 
 
r(x) is defined as the rank of node x, by setting the rank of the root to 0 and 
applying  
 
r(x^.leftchild) = r(x) –1 
r(x^.rightchild) = r(x) –1     (postorder traversal of the tree method) 
 
and 
 
r(x^.leftchild) = r(x) +1 
r(x^.rightchild) = r(x) +1    (preorder traversal of the tree method) 
 
Tracing the postorder traversal of the tree, and calculating the amortized 
complexity of each operation gives Table 2. Table 3 summaries the results for 
preorder traversal case. 
 
 
 
 
I     Operation  D  Φ(D) Ci Ci^ = Ci + Φ(Di) -Φ(Di-1) 



    x=nil  0 
1     x:=PostorderInit(T) x=I  -4 4 0 
2     x:=PostorderSucc(x) x=F  -4 2 2 
3     x:=PostorderSucc(x) x=E  -3 1 2 
4     x:=PostorderSucc(x) x=D  -2 1 2 
5     x:=PostorderSucc(x) x=H  -1 1 2 
6     x:=PostorderSucc(x) x=A  -2 3 2 
7     x:=PostorderSucc(x) x=C  -2 2 2 
8     x:=PostorderSucc(x) x=B  -1 1 2 
9     x:=PostorderSucc(x) x=G  0 1 2 
10   x:=PostorderSucc(x) x=nil  0 0 0 

 
Table 2: Postorder Traversal Case 

 
 
I     Operation  D  Φ(D) Ci Ci^ = Ci + Φ(Di) -Φ(Di-1) 
    x=nil  0  
1     x:=PreorderInit(T) x=G  0 0 0 
2     x:=PreorderSucc(x) x=H  1 1 2 
3     x:=PreorderSucc(x) x=D  2 1 2 
4     x:=PreorderSucc(x) x=E  3 1 2 
5     x:=PreorderSucc(x) x=I  4 1 2 
6     x:=PreorderSucc(x) x=F  4 2 2 
7     x:=PreorderSucc(x) x=B  1 5 2 
8     x:=PreorderSucc(x) x=A  2 1 2 
9     x:=PreorderSucc(x) x=C  2 2 2 
10   x:=PreorderSucc(x) x=nil  0 2 0 

 
Table 3: Preorder Traversal Case 

 
24  MST Using Warshall’s algorithm 
 

 



25  23.2-4 
 

 
26  23.2-5 
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