Splay Trees

Self-adjusting counterpart to AVL and red-black trees

Advantages - 1) no balance bits, 2) some help with locality of reference, 3) amortized complexity is same as
AVL and red-black trees

Disadvantage - worst-case for operation is O(n)

Algorithms are based on use of rotations to splay the last node processed (x) to root position.
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1. Singleright rotation at z.
2. Singleright rotation at y.
(+ symmetric case)

Doubleright rotation at z.
(+ symmetric case)

Zig: AppliesONLY at the root

e

Singleright rotation at y.
(+ symmetric case)




Insertion: Attach new leaf and then splay to root.

Deletion:

1. Access node x to delete, including splay to root.

* ‘
2. Access predecessor X’ in left subtree A and then splay to root of left subtree.
3. Takeright subtree of x and make it the right subtree of X’
Amortized Analysis of Splaying for Retrieval:
Actual cost (rotations) is 2 for zig-zig and zig-zag, but 1 for zig.

S(x) = number of nodesin subtree with x asroot (*‘size’’)

r(x) =logz S(x) (*‘rank’")

&(T) = Z r(x)
xdT

Examples:

Now suppose that the leaf in the second exampleisretrieved. Two zig-zigs occur.



ZAci = zci + D(After) -d(Before) = 4+5.32-6.9 = 2.42< 1+ 3log.r
Another example of splaying. Therewill be azig-zag and azig.

=9.98

Z"Ci = Zci + P(After) -d(Before) = 3+9.98-9.17 = 3.81< 1+3log,n = 1051

Compute amortized complexity of individual steps and then complete splaying sequence:
Lemma Ifa>0,>0,a+pB<1,thenlogya +logy B <-2.

Proof: logo a +logo B =logp af. af ismaximized when a =3 = 1/2, so max (logo a + loga ) = -2.

Access Lemma
Suppose 1) x isnode being splayed
2) subtree rooted by x has
Sj-1(x) and rj-1(x) beforeith step
Sj(x) and rj(x) after ith step
then ACj < 3rij(X) - 3rj-1(x), except last step which has*Cj < 1 + 3rj(x) - 3rj-1(X)

Proof: Proceeds by considering each of the three cases for splaying:



Zig-Zig:

ACi =Cj + &(Tj) - (Tj-1)

=2 +ri(x) +ri(y) +ri(2) - ri-1(%) - ri-1(y) - ri-1(2) Potential only changesin this subtree

=2+7i(y) *1i(2) - 1i-1(3) - 1i-2(Y) ri(x) =ri-1(2)
< 2+7i(y) *1i(2) - 2ri-1(x) ri-1(x) < 1j-1(y)
(*)  =2+r1i(¥) +1i(2) - 2ri-1(x) ri(y) = ri(x)
Leta = SI_l(X), B= SI(Z). a>0,3>0. a+B= Msl (y isabsent from numerator)
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Lemma conditions are satisfied , sologp a + logo B < -2. Applying logsto a and (3 gives:
ri-1(x) + 1i(2) - 2r(x) < -2

which may be rearranged as:
0= 2r(x) - j-1() - i(2) - 2

Add thisto (*) to obtain:

"Cj < 3rij(x) - 3rj-1(x)

Zig-Zag:




"Cj =Cj + O(Tj) - ®(Tj-1)
=2+1i(X) +1i(y) +1i(2) - ri-2(¥) - ri-1(y) - ri-1(z) ~ Potential only changes in this subtree
=2+7i(y) +1i(2) - ri-2(}) - rj-1(y) ri(x) =ri-1(2)
(%) =2+ri(y) +1i(2) - 2rj-1(x) ri-1(¢) < rj-1(y)

Lemma may be applied by observing that Si(y) + Sj(z) < Sj(x) and thus
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ri(y) +r1i(2) - 2ri(x) < -2
riy) +1i(2) < 2rj(x) - 2 which can substitute into (**)
ACj <2+ 2r(X) - 2 - 2ri.1(X)
= 2rj(x) - 2rj-1(x)

< 3ri(x) - 3rj-1(x) Sincerj-1(x) < rj(x)

A B

"Cj =Cj + O(Tj) - O(Tj-1)

P\@

=1+r(x) +ri(y) - ri-1(x) - ri-1(y) Potential only changes in this subtree
= 1+ri(y) - 1j-1(x) ri-1(y) = ri(x)
< 1+71j(x) - ri-1(x) ri(y) < ri(x)

< 1+ 3ri(x) - 3rj-1(X) ri-1(x) < rj(x)



Total amortized cost for an entire splay sequence:

m m-1
i=1 i=1
m-1
< Z (3ri(x)-3ri_1(x))+1+3rm(x)-3rm_1(x)
i=1

= 3rm_ 1(x)- 3r0(x) + 1+3rm(x)-3rm_ 1(x)
=1+ 3rm(x)-3ro(x)
<1+3r m(x)

= 1+3Iogzn

Since x isthe root after final rotation.



