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Problem: Find a local cluster around a given seed set.

Objective function (1):

 is general volume of set C.
 

Constrained balanced graph cuts for local clustering



Problem: Search for a set C which has high association.

Objective function (2):

 

Constrained local community detection



Connection

In (2), If

=

In (1). If

= 



Contribution

All constrained non-negative fractional set programs have an 
equivalent tight continuous relaxation.
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Unconstrained fractional set programs

Objective function:

Assuming  is non-negative and  



Unconstrained fractional set programs

Connection between the set-valued and the continuous space.
Thresholding:

Let , we assume f is ordered  in ascending order,



Unconstrained fractional set programs

Lovasz extension:

Use hat-symbol to denote set function.



Unconstrained fractional set programs

Submodular set function:



Unconstrained fractional set programs

Connection:
Lovasz extension of submodular set functions are convex function. 



Unconstrained fractional set programs

Properties:



Unconstrained fractional set programs

Objective function:

relax to

Given f,    



Unconstrained fractional set programs



Unconstrained fractional set programs

  Meaning: Every non-negative fractional set programs has a tight 
relaxation into a continuous fractional program.



Unconstrained fractional set programs

Meaning: Lovasz extension of a submodular set function is an upper 
bound on any one-homogeneous convex function.



Unconstrained fractional set programs



Unconstrained fractional set programs



Constrained fractional set programs

Transform constraints to penalty terms:



Constrained fractional set programs

Objective function:



Constrained fractional set programs

Define    is the minimum value of  



Constrained fractional set programs



Constrained fractional set programs

Meaning:  The set found by optimal thresholding of the solution of the 
continuous program is guaranteed to satisfy all constraints.

Proof: 
Suppose     is a minimizer of      and infeasible.
So, 



Constrained fractional set programs

This contradicts the fact that   is optimal. 
So, it is feasible.

for the second statement, by lemma 2,
suppose   ,   then
suppose   is minimizer of right hand side, and infeasible,
so, 
which lead to contradiction, so is feasible.
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Minimization of tight continuous relaxation

Objective function:



Minimization of tight continuous relaxation

Algorithm:



Minimization of tight continuous relaxation

Convergence proof:

Proof: 

  The optimal of this function is non-positive.



Minimization of tight continuous relaxation



Minimization of tight continuous relaxation

so,
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Tight relaxations of constrained maximum density problem

Objective function:



Tight relaxations of constrained maximum density problem

Objective function:

For technical reasons, we change:
  to     to  

                          



Tight relaxations of constrained maximum density problem

Objective function:

Because in this way, we will not consider A is empty. 
So, the final solution is between: 



Tight relaxations of constrained maximum density problem

Lovasz extensions:



Tight relaxations of constrained maximum density problem

Objective function:



Tight relaxations of constrained maximum density problem

Apply the RatioDCA algorithm, the crucial step is solving the inner 
problem in line 3.



Tight relaxations of constrained maximum density problem



Tight relaxations of constrained maximum density problem

Algorithm:
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Experiments

LS: local spectral method by Mahoney et al.2012.
LRW: Lazy random walk by Andersen 2006.
CFSP: Method proposed in this paper.

Data: Large social networks of the Stanford Large Network Dataset 
Collection.
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