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Reviewing: Solving Recurrences

e Recurrence

— The analysis of integer multiplication from last lecture required us to solve a
recurrence

— Recurrences are a major tool for analysis of algorithms

— Divide and Conquer algorithms which are analyzable by recurrences.

* Three steps at each level of the recursion:

— Divide the problem into a number of subproblems that are smaller
instances of the same problem.

— Conquer the subproblems by solving them recursively. If the subproblem
sizes are small enough, however, just solve the subproblems in a
straightforward manner.

— Combine the solutions to the subproblems into the solution for the original
problem.
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Recall: Integer Multiplication

e Jet X =[A|Bland Y =|C |D |where A,B,C and D are n/2
bit integers

* Simple Method: XY = (ZH/ 2A+B) (ZH/ 2C—I—D)
* Running Time Recurrence

T(n) < 4T(n/2) + O(n)

How do we solve it?
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Reviewing: Substitution Method

The most general method:

1. Guess the form of the solution.
2. Verily by induction.
3. Solve for constants.

Example: T(n)=47T(n/2)+ ©&(n)

* [Assume that 7(1) = O(1).]

* Guess O(n’) . (Prove O and Q) separately.)
e Assume that 7(k) < ck’ fork<n .

« Prove 7(n) < cn’ by induction.
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The Master Method

The master method applies to recurrences of the form
T(n)=a T(n/b) + f(n),

where @ > 1, b > 1, and [ is asymptotically positive.

1. f(n)= O(n'°e*~¢) for some constant ¢ > 0. Then, 7(n) = O(n'oer?)
2. f(n)=0(n"%) for k> 0. Then, T(n) = ®(n'"°%2 [gn) .

3. f(n)=CQ(n'"eke* %) for some constant € > 0 and [ (n) satisfies
the regularity condition that a f (n/b) < ¢ f (n) for some
constant ¢ < 1. Then, 7(n)=0O( f(n))
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Application of Master Theorem

o T(n)=9T(n/3)+tn;
— a=9,b=3, f(n) =n
nlogy? = plogs” = @ (n?)
—  Ain)=0(n'%"=) for e=1
— Bycase 1, T(n) =0 (n?).
o T(n)=1Q2n/3)+1
— a=1,b=3/2, f(n) =1
nlogy® = plogzp! =@ (n%) = O (1)
— By case 2, T(n)= ©(1g n).

Dept. CSE, UT Arlington CSE5311 Design and Analysis of Algorithms



Application of Master Theorem

o T(n)=31T(n/4)+nlg n;
— a=3,b=4, f(n) =nlgn
_ plogyd = plogs3 = @ (n0'793)
— fin)= Q(n'°es+%) for e~0.2
— Moreover, for large n, the “regularity’”” holds for c=3/4.
»af(n/b) =3(n/4)lg (n/4) < (3/4)nlg n = cf(n)
— By case 3, T(n) =0 (f(n))=0 (nlg n).
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Exception to Master Theorem

o 1(n)=21(n/2)+nlg n;
— a=2,b=2, f(n)=nlgn
— nlogy? = plogy? = O (n)

— f(n) is asymptotically larger than n'°2* | but not polynomially
larger because

— fln)/n'°8s® = 1g n, which is asymptotically less than n¢ for any
>0

— Therefore, this 1s a gap between 2 and 3.
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Where Are the Gaps

+ f(n), case 3, at least polynomially larger

A

ne I Gap between case 3 and 2

nlogba X

ne IGap between case 1 and 2

. f(n), case 1, at least polynomially smaller

Note: 1. for case 3, the regularity also must hold.
2. 1f f(n) 1s Ig n smaller, then fall 1n gap 1n 1 and 2
3. 1f f(n) 1s Ig n larger, then fall in gap in 3 and 2
4. if f(n)=0O(n'°2t’1gkn), then T(n)=0O(n'°2b"1g*1n) (as exercise)
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Master Theorem

The master method applies to recurrences of the form
T(n)=a T(n/b) + f(n),

where constants @ > 1, b > 1, and f is asymptotically positive function

1. f'(n) = O(n'°b~¢) for some constant € > 0, then 7(n) = O(n'or?)
2. f(n) = O(n'gb¢) for some constant ¢ > 0, then 7(n) = O(n'°2x¢ [on)

3. f(n) = O(n'°2e* ) for some constant € > 0, and if a /' (n/b) < ¢ f(n)
for some constant ¢ < 1, then 7(n) =O( f(n) ).

How to theoretically prove it?
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Proof for Exact Powers

* Suppose n=b" for k>1.

e LLemma 4.2
_ for T(n) ={ O(1) if n=1
= aTl(n/b)+f(n) if n=b* for k>1

— where a 2 1, b>1, f(n) be a nonnegative function defined on
exact powers of b, then

logbn-l
— T(n) = O(n'°er*) +>" af(n/b))
J=
* Prootf:
— By iterating the recurrence

— By recursion tree (See figure 4.3)
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Recursion Tree for T(n)=a7{(n/ b)+ A n)

/
/ b\
fn/b) fn/b) F(n/b) wmsssssssimiine — af (n/b)
I
il 7} e
log, n r
F/BAf(n/b>)-f(nfb*)  fn/BE)f(n/b*)y-f (nfb?)  f(n/b*)f (/b2 )f (n)b?) wmesite a2 f (1 fB*)
i ,
el flel A e [l
Y o) 0q) @fl} {:“-lfl) e (1) O(1) El(ll} O O(1) -+-  O(1) O(I) O(1) vt O(nlowra)
b Ly N
HEU%H
log, n—1
Total: ®(n'™ ") + Z a’ f(n/b’)
i=0

Figure 4.3 The recursion tree generated by T(n) = aT(n/b) + f(n). The tree is a complete g-ary
tree with n'98h 2 leaves and height logy, n. The cost of each level is shown at the right, and their sum
is given in equation (4.6).
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Proof for Exact Powers (cont.)

e Lemma4.3:

— Let constants a > 1, b>1, f(n) be a nonnegative function
defined on exact power of b, then

logp”-1

— g(n)= ) d/fn/b) can be bounded asymptotically for exact
=0

power of b as follows:

1. If An)=0(n'°es"-¢) for some >0, then g(n)= O(n'°r?).

2. If f{n)= O(n'°es?), then g(n)= O(n'°e* 1g n).

3. If {n)= Q(n'oer*+¢) for some >0 and if afin/b) <cf(n) for
some c<1 and all sufficiently large n >b, then g(n)= O(f(n)).
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Proof of Lemxma 4.3

* For case 1: f{n)=0(n'2%¢) implies f(n/bB)=0((n /b)°"¢), so

logp"-1 logy1
. o(n)= Z aifin/bi) =O( Z @i(n /bylosyte)
log-1 logp”-1
. = O(n'ogp-z Zoaf/(blogba ey ) = O(n'ogs™ Z @l(d@ (b))
J= J=0
logy-1
. — O(n'og-¢ gz (b5Y ) = O(n'ogp e (((be ) 108"-1)/(bE-1) )
F=
© = 0@ st (((bloer")*-1)/(b%1)))
. = O(n'°g" n¢ (n®-1)/(b5-1))
. = O(n'os*)
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Proof of Lemma 4.3(cont.)

* For case 2: f{n)= O@'°%*) implies An/b)= O((n /b))%, so

¢ g(n)= > df(n/b) = O( > @(n /b)logp?)
j=0 7=0

1Ogbn—1 | 1Ogbn—1
. = O(n'o8s? > di/(boery ) = O(nlogr® > 1)
7=0 J=0
o = Q(n'°er’ log,") = O(n'°es’1g n)
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Proof of Lemma 4.3(cont.)

e For case 3:

— Since g(n) contains f(n), g(n) = Q(f(n))
— Since a f(n/b) < c f(n), so f{n/b) <(c/a) f(n),
— Iterating j times, f(n/b) < (c/a) f(n), thus & f(n/b) < d f(n)

lo gb”‘l lo gy’ 1

- &)= Zo @ finlb') < Zcff(n) S ﬂn) Z d = fin) (1/(1-c))
=

=0(/(n))

— Thus, g(n)=0O(f(n))
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Proof for Exact Powers (cont.)

e Lemma4.4:
—  for T(n) = (1) if n=1
{ aT(n/b)+f(n) if n=b* for k>1
— where a > 1, b>1, f(n) be a nonnegative function,
If f(n)=0(n'°2r%-¢) for some >0, then T(n)= O(n'°2r?).
If f(n)= O(n'°es”), then T(n)= O(n'°e* 1g n).

If f(n)=CQ(n'°8s**¢) for some £>0, and if afin/b) <cf(n) for some
c<I and all sufficiently large n, then 7(n)= O(f(n)).

w2 o=

Dept. CSE, UT Arlington CSE5311 Design and Analysis of Algorithms

17



Proof of Lemma 4.4 (cont.)

e Combine Lemma 4.2 and 4.3,
—  For case 1:
> T(n)= O(n'°er")y+0O(n'°er")=O(n'er?).
—  For case 2:
> T(n)= O(n'°er")y+O(n'°%" 1g n)=0(n'°ex" 1g n).
—  For case 3:

> T(n)= O(n°)+0(f(n))=0O(f(n)) because f(n)= Q(n'osp**e),
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Floors and Ceilings (n#b* for k>1)

o T()=a T(Ln/b))+n) and T)=a T(| n/b 1) +1in)
* Want to prove both equal to T(n)=a T(n/b)+fn)
* Two results:

— Master theorem applied to all integers 7.

— Floors and ceilings do not change the result.
» (Note: we proved this by domain transformation too).

e Since I_ﬁ/ bj<ﬂ/ b, and |_ﬂ/ b> n/ b, uppet bound for

floors and 1ower bound for ceﬂmg 1s held.

* So prove upper bound for ceilings (similar for lower
bound for floors).
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Upper bound of proof for 7(n)=aT{ (|_ n/ b_‘)+1(n)

* consider sequence 7, Fn/ﬂ, I rﬂ/b—|/b—|, N Fn/ﬂ /b—|/b—|,

e J.etus define 71; as follows:

* m=n 1tj=0
. —rﬂl/b_| if ;>0

* The sequence will be 7y, #,, ..., Miog 1]

Let jZLlogb n/, then
Np<=n
n,<=n/b+1 Mjogyn] <1/ b Liog n) + p/(b-1)
n,<=n/b’>+n/b+1
<n/blgn-1+ p/(b-1)
cee J 1
m<=n/b+Z b = w/(n/b) + b/(b-1) = b + b/(b-1) = O(1)
< b+ b/(b 1)
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Recursion Tree

Recursion Tree of T{n)=a 1{ | n/b] )+ A n)

% J () s s s s e fn)
/7D\
f(ny) f(ny) finy) - i af(my)
Llog, n /Z ]/_B\ /4 A\ ALX

f{nz) fnz) = f(n)  fn) fny) — fn) flm)  [flnz) - fng) weie  @® fns)

Y o) 8() 6(1) 61) 8(1) O(1) O(1) (1) O(1) O(1) - O1) O(1) O(I)wim © (nk54)

—

————
e —_
—

@{nlngﬁa] et

[log, n]—1
Total: @ (n'9% %) 4 Z a’ f(n;)

j=0

rF'ingn: 4.4 The recursion tree generated by T (n) = aT ([ n/b1)+ f(n). The recursive argument »
is given by equation (4.12). :
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The Proof of Upper Bound for Ceiling

| logy] -1

— T(n) = O@osr) +]; afin)

— Thus similar to Lemma 4.3 and 4.4, the upper bound is
proven.

[logyn] -1

g(n) = Xdlfin)
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The Simple Format of Master Theorem

o T(my=al(n/b)+cr*, with a, b, ¢, £ are positive constants,
and =1 and /=2,

O(fome), if a> .
o T(n) =1 O@Mogn), if a=b".
O(F), if a<bt,

\
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Exercise (1)

Give asymptotic upper and lower bound for 7(n)=2T(n/4) + n" >

Using the master theorem, a=2, b=4,

n'°%? =n%>and f(n) =n%>. =OMnN>)

Case 2 applies,

Therefore, T (n) = © (n% > 1g n).

Dept. CSE, UT Arlington CSE5311 Design and Analysis of Algorithms

24



Exercise (2)

Give asymptotic upper and lower bound for 7(n)=7T(n/2) + n*

Using the master theorem, a=7, b=2,

nlogy? =plogy’

f(n) =n2 = O(n'°e2” %) for some constant € > 0 due to
2<lg7 <3,

Case 1 applies,

Therefore, T (n) = ® (n'g2).
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Exercise (3)

Give asymptotic upper and lower bound for 7(n)=77T(n/3) + n*

Using the master theorem, a=7, b=3, n'°%* =plog;’

f(n) =n2% = Q(n'"°e" " %) for some constant € > 0
Check if a f(n/b) <= ¢ f(n) for constant c</,
a(n/b)? =(7/9) n?

We can set ¢=7/9 <1, Case 3 applies,

Therefore, T (n) = © (n?).

Dept. CSE, UT Arlington CSE5311 Design and Analysis of Algorithms

26



Exercise (4)

Give asymptotic upper and lower bound for 7(n)=16T(n/4) + n*

Using the master theorem, a=16, b=4, n'ogy? =plog,'® = p2
f(n)=n? = O (n?)
Case 2 applies,

Therefore, T (n) = ® (n? Ig n).
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Exercise (5)

Give asymptotic upper and lower bound for 7(n)=Tm" >) + I

The easy way to do this is with a change of variables.

Letm=1gn and S(m) =T (2™)
T2m)=T2"?)+ 1, So S(m)= S(m/2)+1,

Using the master theorem, a=1, b=2. n'°&* =land f (n) = 1.

Case 2 applies and S(m) = ©(lg m).

Therefore, T (n) = ©® (Ig Ig n).
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