CSE 4345 / CSE 5315 - Computational Methods Homework 1: Errors and Conditioning

CSE 4345 / CSE 5315 - Computational Methods

Homework 1- Fall 2011

Due Date: Sept. 20 2011

Problems marked with * are required only for students of CSE 5315 but will be graded for extra credit
for students of CSE 4345.

Sources of Errors

1. Floating Point Precision and Rounding Errors

a)

b)

Compute the machine precision, €,,,.,, overflow number, OFL, and underflow number,
UFL, for floating point systems with rounding and the following number of bits for man-
tissa and exponent:

mantissa/[bits] | base | exponent/[bits]

5 2 3
11 2 5
32 2 16

You can assume that one bit of the mantissa is used for the sign of the number and that the
exponent is split evenly between positive and negative exponents.

The use of floating point operations can lead to loss of significance (or cancelation) when
two large numbers are subtracted to yield a significantly smaller result. For the following
equations, compute the error that the use of single precision floating point numbers (float)
would lead to for very small numbers, z (e.g. 10-°%). For each one, construct an equivalent
formula that would result in substantially less error (and compute the corresponding error).

1O+ (a2
((z —2) + (2 + z))2
VI—a3 -3
° 5%cos?(x)—5
22

Note: If you are using a system that does not have single precision floating point numbers,
you can reduce the precision of double precision calculations (and numbers) by following
each operation by the operation ((2L/°92(®)] 4 (3 /27)) — 2lle92(#)]) 4 27 (or the slightly less
precise version ((x+ (x/2™)) — x) * 2™) which reduces the precision of x by n bits (i.e. for
reducing double precision to single precision n = 29). It is important that the operations
are performed in the exact order indicated.
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2. Data Propagation and Computation Error
For an experiment, a sphere with diameter d has to be completely filled with helium of a fixed
temperature. Fluctuations in the outside temperature of the spherical container cause propor-
tional fluctuations, Ad, in the dimensions of the sphere (but not of the inside temperature) and to
measure them a sensor is mounted on the sphere to measure its diameter. To correct the amount
of gas inside the container it is necessary to compute by how much the volume has changed due
to the change in the diameter of the sphere.

There are multiple ways the change in volume can be calculated (or approximated) by the
following 3 formulas:

o Av= %W(d + Ad)?’ — %d?’
o Av = %dAdQ + %dQAd + %Ad:s
o N\v~ %dQAd

a) For each of the three formulas (“algorithms”) determine the total error for d = 1m and
diameter changes of 10~2m, 10~3m, 10~*m, and 10~5m when the formulas are calculated
using single precision floating point numbers (float). You can assume that the calculation
of the precise formula using double precision floating point numbers (double) provides
the accurate result.

Note: If you are using a system that does not have single precision floating point numbers,
you can use the precision reduction method from problem 1b).

b) Break the total error for each of the formulas (from part a) into data propagation error,
truncation error, and rounding error.

c)* Discuss why the different formulas (“algorithms”) introduce different amounts of error.
Which of the formulas is the best to use ?

3. Sensitivity and Conditioning
The (relative) condition number represents the relation between the relative forward and the
relative backward error for a given problem. For the evaluation of a function f(z) this yields:

[f(x)—f(@)]

cond — |relaﬁive forward error| _ Tl @@ =l _
[relative backward error| % |f(2)] |z—2]
|f (@)= (f(@)+(@=2) ' (@) 45 @=2)*f" (O] 2] [(z=2)f"(@)] |2| _ |f'(x)] |z]
If(@)] |z—2| = @) -2 |f ()]

Consider the following functions and values:
o flz)=a—br+ 5, x=02
o f(z) = (cos*(z) + sin*(x)*, x =7 — 1078
e f(z)=1+tan(xr —6)xz, z =6.01
a) Compute the condition number for the functions at the indicated values of x and discuss

what these numbers tell us about the accuracy with which we can expect to be able to
compute the corresponding function values for different machine precisions.
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b) For each of the functions, compute the error indicated by the condition number for input
data with float (single precision floating point numbers) and the actual error and compare
them. To compute the actual error you can assume that the result obtained with double
precision numbers is accurate.

¢)* Derive the relative forward and backward errors and the (relative) condition number for
function inversion (i.e. the calculation of f~!(x) for a scalar function f(x) with a scalar
parameter x.
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