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1. Introduction
Given the sheer volumes of data in online social networks, combined with the inaccessibility of the datasets in their entireties under many circumstances, random-walk based sampling techniques are widely used to characterize node structures over large graphs because of their simple implementations and accurate estimations. Existing random-walk based sampling methods share the key step of selecting the next sampling node from the neighbors of the previously already-sampled one, and thenwhich can be described as athe Markov- chain based processes.	Comment by zll: Some random-walk based methods (i.e.,SRW,NBRW) select the next sample from the neighbors of the currently sampled one; Some random-walk based methods may select the next sample from the neighbors of the previous sampled node (i.e., MHRW).  
To obtain accurate estimations about the node structures, the Markov-chain based sampling methods are required to reach the a stationary states. The number of the sampling steps required to reach the stationary state is called the mixing time of the Markov chain process. However, the mixing times of the Markov- chain processes based onin the existing methods areis very long, which mean large numbers of sampling steps  as described elaborated in Section 2, resulting in huge sampling costs in terms of memory (for storing information about the samples), network (for moving information about the samples through the network from online social networks) and sampling time, as evaluated in Section 5. Furthermore, a great number of repetitive samples are generated by the existing random-walk based techniques, as detailed in Section 2, resulting in an insufficient number of unique samples and extra memory overhead required to record sampling information as elaborated revealed and discussed in Section 5Section 5.	Comment by Jiang, Hong: How is mixing time related to memory and network costs/resurces?
In large graphs, there are generally two types of node structures,  include two types. One is the basic structures and the higher-order structures. The former are characterized, featured by the node degree distributions of the graph which and are widely studied by many random-walk based sampling methods. The second is the higher-order structures, whichlatter are used to uncover the relationship among the nodes. Among the higher-order structures, the maximum cliques of the nodes, which reflect the most cohesive relationships among neighbors of the nodes, are finer-grained and important structural characteristics of graphs and the basis forof node higher-order node attributes (i.e., such as cluster coefficient). These The properties of node cliques, for example, can be applied in the applications of data mining, classifications and visualizations [1], [2], [3], [4], [5]. However, existing random-walk based sampling methods can not reflect the different sampling probabilities between the node basic and higher-order node structures, which are required to obtain accurate estimations. ThusThis means that, these methods can notare unable to estimate these two types of node structures accurately and simultaneously.
[bookmark: _GoBack]In this paper, we propose a novel random-walk based sampling method, named called superstructure-basedcircle-driven sampling  sampling or S-Sampleor C-Sample, to reduce the mixing time and repetitive samples while accurately evaluating the samples from two dimensional structural characteristics, i.e., the distributions of the node maximum node clique sizes and node degrees. In particularHere, a superstructure circle of a node is constructed by employingfrom the maximum clique of the node by collapsing the clique into an impenetrable “super node”. By leveraging the superstructures, the structure of a large graph is greatly changed by ‘eliminating’ a large number of edges inside the clique from a random walker’s point of view, which helps cut the length and the number of the paths for the random walks from two angles. First, the edges inside each superstructure are eliminated; Second, voluminous redundant edges among the neighboring superstructures and their neighbors are eliminated the maximum clique corresponding to a node. For example, when two paths from node u to node v consist of two sequences of node pairs (edges), {(u,a1),(a1,a2),(a2,a3),…,(an,v)}, {(u,b1),(b1,b2), (b2,a3),…,(am,v)} where m <= n are the numbers of ‘bridge’ nodes along the two paths respectively and nodes a1, a2, b1, b2 form a superstructure c, then all the bridge nodes in c collapse into a crossing circle c. Thus, the two paths are reduced to a single one: {(u,c),(c,a3),…,(an,v)}, whose length is also shorter than either of the two paths. Each superstructure contains at least one node and can be found through at least one node and thus the relationship  with ’eliminating’ the edges among the nodes in the clique to derive a many-to-one relationship between the nodes and the superstructurecircle can be described as many-to-one as described in Section 3.	Comment by Hong Jiang: I rewrote the explanation for “circle” based on your definition and example of it in Section 3. I think you completely failed to convey the definition and meaning, if my underastanding of Section 3 is correct. That is, for the purpose of reducing the length and number of paths traversed by the random walker, the maximum clique of a node is considered a single node, or super node, in which all internal nodes and edges are collapsed while edges into and exit the clique remain since nodes outside the clique remain unchanged. This is what is implied/illustrated by Figure 4 of Section 3. However, the example here only shows the shortening of the path, but not the reductions of the number of paths. It would be desirable to provide an example that shows both in a simple and intuitive way, both here and in Section 3.	Comment by Zhang Lingling: 超级结构	Comment by Zhang Lingling: Crossing-circle 不仅将其包含的顶点之间的边隐藏起来，并且去掉这些邻居顶点与这些顶点之间的冗余边：假设顶点a,b是crossing-circle之间的两个成员，顶点c既是a的邻居同时又是b的邻居，即实际上c和crossing-circle之间有两条边。但在crossing-circle的设置下，c被设置为和crossing-circle之间有一条边。算法的实现也是根据一条边来操作的。
In essence,  CS-Sample employs the many-to-one relationship generated by the nodes and the superstructure to construct a synthetic and higher-order Markov chain by recording the sampled nodes. Compared with existing random-walk based sampling methods, there are three advantages for This renders CS-Sample more advantageous over existing random-walk based sampling methods in three aspects in its ability toto sample and estimate large graphs. First, it reduces the length and the number of the paths from one node to another and meanwhile increase the probability ofto the sampling process moving forward to reducee the mixing time and further reducethus the sampling costs; Second, the higher-order Markov chain reduce completely avoids the any repetitive samples besides for reducing the mixing time to zero; Third, the synthetic Markov chain can is able to effectively reflect the different sampling probabilities between the basic and the higher-order node structureattributes to obtain accurate estimations, which overcomes while the limitation of only being able to reflect on the sampling probabilities of the basic node structures by the existing random-walk based sampling methods mainly focus on reflect on the sampling probabilities of the node basic structures.
With the design and evaluation of CS-Sample, this paper makes the following contributions.
1. We analyze the factors of influencing affecting the mixing time of a Markov-chain based sampling process and then point out the reasons why the existing sampling methods have large sampling costs and errors especially in estimating the high-order attributes of the nodes represented by cliques as described in( Section 2). To settle address the identified problems, we are the first attempt at proposeing a synthetic Markov chain based sampling process, the first of its kind, with high accuracy and low cost to estimate the basic and the high-order node attributes of the nodes simultaneously (Section 3).
2. The mixing time of CS-Sample’s sampling process is cut down greatly by reducing the length and the number of the paths of the random walker with the help of constructing the superstructures and the probabilities of backtracking to the already sampled nodes. As a result,This enables CS-Sample to cuts downsubstantially reduce the its sampling costs (i.e., the memory overhead required to record sampling information) while significantly reducing sampling errors (Section 3, Section 5). Especially, when it is used to analyze the online networks, C-Sample cuts down both the network and computation costs greatly, as demonstrated by the prototype evaluations.
3. When the samples obtained by SC-Sample are employed to accurately estimate the basic and the high-order node attributes in large graphs, different re-weighted estimators are proposed by theoretical analysis on the synthetic Markov chain process of SC-Sample combined with the Horvitz-Thompson estimator [9] and the unordered estimator [21] (Section 4).
4. To evaluate the effectiveness of SC-Sample, extensive experiments driven by real-world graph datasets based on a SC-Sample prototype and the existing state-of-the-art random-walk based methods are conducted. They show that the sampling costs, such as memory consumption, network overhead, and computation time, are dramatically reduced by SC-Sample while its sampling errors are consistently smaller than those of the existing node-driven methods (Section 5).
The rest of the paper is organized as follows. Section 2 describes the necessary background and motivates the SC-Sample research. Section 3 introduces the SC-Sample method while Section 4 proposes re-weighted estimators for SC-Sample. Evaluation results from experiments are presented and discussed in Section 5. We summarize related work in Section 6. Section 7 concludes our work.
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