
Knowledge and Information Systems
https://doi.org/10.1007/s10115-022-01691-8

REGULAR PAPER

Randomwalk on node cliques for high-quality samples to
estimate large graphs with high accuracies and low costs

Lingling Zhang1,2 · Fang Wang2 · Hong Jiang3 · Dan Feng2 · Yanwen Xie2 ·
Zhiwei Zhang1 · Guoren Wang1

Received: 11 December 2018 / Revised: 18 May 2022 / Accepted: 21 May 2022
© The Author(s), under exclusive licence to Springer-Verlag London Ltd., part of Springer Nature 2022

Abstract
Random-walk-based sampling is an efficient way to extract and analyze the properties of
large and complex graphs representing social networks. However, it is almost impractical
for existing random-walk-based sampling schemes to reach the desired node distribution
because of the indeterministic sampling budget (i.e., the number of samples or sampling steps)
required for doing so with large volumes of data in graphs. On the other hand, under a small
sampling budget, these methods produce low-quality samples with many repeats and high
correlations (i.e., many common attributes), which leads to a large deviation from the desired
node distribution and large estimation errors. In this paper, we propose a new random-walk
sampling schemebased on node cliques (a subset of cliques), called node-clique randomwalk,
or NCRW, to strike a good balance between the estimation error and the sampling budget,
by producing unique samples with low correlations. Meanwhile, both the deviation from the
desired node distribution and the estimation errors under the constraint of the sampling budget
are reduced both theoretically and experimentally. Thus, the sampling costs which are closely
related to the sampling budget are reduced. Our extensive experimental evaluation driven by
real-world datasets further confirms that NCRWsignificantly increases the quality of samples
and accuracy of estimations with much lower costs than those of existing random-walk-based
sampling schemes especially in estimating the higher-order node attributes.
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1 Introduction

The increasing volumes of data in large graphs representing social networks necessitate
the use of node samples to estimate properties of the graphs efficiently. Existing sampling
schemes focusing on acquiring samples can be roughly classified into three categories, namely
independent random sampling, traversal-based sampling and random-walk-based sampling.
Independent random sampling is inefficient when user-IDs of social networks are sparsely
populated, resulting in low hit-to-miss ratios [34]. Traversal-based sampling, such as depth-
first search (DFS) and breadth-first search (BFS), produces sampleswith unpredictable biases
that result in inaccurate estimations [18]. Instead, random-walk-based sampling [34], [35],
[24], [41], which is based on the Markov chain Monte Carlo (MCMC) approach, is widely
used to acquire samples because of its simple implementation and high cost-efficiency. There-
fore, this paper focuses on producing node samples by random-walk-based sampling.

Due to the huge volumes of networks, it is impossible to analyze each node in large graphs;
high-quality node samples are powerful substitutes for supporting various tasks described
below [45] [43].

1.1 Graph query

Since node samples have the ability to reflect the diversity of the properties in the original
graphs, they are useful to query whether there are some users with some property in social
networks. Querying node samples consumes much smaller costs than querying the whole
graph andmeanwhile the trustworthy results deriving from these nodes samples are important
in network evolution and product advertisement [10] [46] [47].

1.2 Graph visualization

Analyzing a small set of nodes instead of the whole set is highly effective as huge resources
in terms of computation, memory, and screen space are required to visualize a large graph.
High-quality samples include important nodes, maintain reliable properties and quantify the
key features so that the samples are very powerful tools for graph visualization at small cost
[48] [49].

1.3 Graph representation

Node samples are effectively employed to estimate the degree distribution, the local cluster
measurement and graph density. These parameters are important to accelerate the training
process and further strengthen the scalability of machine learning algorithms for graph rep-
resentation [33] [5].

However, the existing random-walk-based methods produce many repetitive and similar
samples which are unable to reflect the diversity of the original network. Therefore, the
quality of node samples produced by a random-walk-based scheme must be improved for
supporting various applications. In general, three important criteria are used to measure the
effectiveness of a random-walk-based sampling scheme, namely the quality of samples, the
estimation error and the sampling cost.While the quality of samples determines the estimation
errors, it is also affected by the cost of sampling as analyzed below.
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First, high sample quality requires samples produced by random-walk-based sampling
schemes to reach the desired node distribution (i.e., the stationary distribution) which is
challenging. Furthermore, how many sampling steps are required by a typical random-walk-
based sampling scheme to reach the desired node distribution is still a mystery because
the whole topological characteristics of large graphs (i.e., online social networks) remain
unknown. Consequently, it has been a common practice for existing random-walk-based
sampling schemes to set a predetermined number of sampling steps or samples, also known
as a sampling budget, and consider the desired node distribution reached when the budget is
exhausted [34], [20], [41]. Under the constraint of the limited number of steps, the quality
of samples is often very low, as a result of high ratios of repetitive and correlation samples,
leading to large deviations from the desired node distribution and large estimation errors, as
illustrated in Sect. 2.

Second, the quality of the samples in turn affects the sampling costs in terms of network
communications, computation times and number of queries. The sampling cost is determined
by the attributes themselves and the number of samples. For example, the sampling cost of
estimating a basic attribute is different from that of estimating a higher-order attributewith the
same sample set because it is enough to learn the neighbors of the samples to estimate a basic
attribute (e.g., the degree distribution) while it is required to learn the relationships among
these neighbors to characterize a higher-order attribute (e.g., the local cluster coefficient
distribution). The query cost is referred to as the number of queries from the network while
each time only one node and its neighbors are obtained by one query through the interface
of online networks. The low quality of samples results in large quantities of the samples and
further increasing the sampling cost.

There are generally three angles from which a random-walk-based sampling scheme
attempt to improve the sample quality, including reducing the repeats, reducing the cor-
relations (or shared attributes) among the samples, and reducing the deviation from the
desired node distribution as described in Sect. 2. For example, non-backtracking random
walk (NBRW) [20] and circulated neighbors random walk (CNRW) [51] attempt to reduce
the repetitive samples by avoiding backtracking to the previously sampled nodes. Skipping
random walk (SkipRW) [41] reduces the correlations among the samples by skipping some
selected-for-sampling nodes without sampling. The study proposed in [7] sets the number
of sampling steps required to reach the desired node distribution as the sampling budget,
incurring huge sampling cost. However, the existing schemes usually improve the sample
quality from only one of these three angles, failing to fundamentally improve the sample
quality while significantly reducing the sampling cost.

Furthermore, the ‘walker’ in the random-walk-based sampling schemes, who traverses
over a large graph during the sampling process to produce samples, can be in one of two
states, namely the residing state and the moving state. The former is referred as the node the
walker is currently on before traversing to another node while the latter is the set of candidate
nodes selected as the next residing state by the walker. We observe that the root cause for the
failures of these existing schemes [34], [23], [20], [51], [41] to fundamentally improve the
sample quality lies in the fact that they share the essence of the simple random walk (SRW)
scheme in which the two states of the walker are, respectively, the currently sampling node
and its neighbors. Thus, many nodes in the moving state have high correlations with the node
in which the walker is residing in and the consecutively moving states have many common
nodes. The walker traversing a graph in this way, which in turn produces low-quality samples
because of backtracking to the common nodes between the consecutively moving states, can
be called node-centric random-walk-based schemes.

123



L. Zhang et al.

Inspired by the above analysis and observation,we improve the sample quality by changing
the way the walker traverses a graph. More specifically, to reduce the chances of the walker
backtracking to local and connected subgraphs, which is the main culprit for the existing
schemes generating samples with repeats and correlations, we argue that, instead of a node,
the walker should traverse from a node clique to one of its neighboring node cliques. The
clique of node, or node clique, is defined as the biggest and completely connected subgraph
corresponding to the node, while the cliques of the graph are defined as the completely
connected subgraphs, meaning that the node cliques are a subset of the cliques in the graph.
Nodes in the same clique are considered highly correlated as they share much more common
neighbors than nodes in different cliques. In other words, a node clique reflects the maximum
number of the common neighbors between the walker’s two states.

In this paper, we propose a new random-walk-based sampling scheme, called node clique
random walk or NCRW, to reduce the chances of the walker backtracking to cliques and
further cut down the repetitive and similar samples. The main idea behind NCRW is to
generate node samples by thewalker traversing from one node clique to one of its neighboring
node cliques based on the very important one-to-one relationship between a node and its node
clique. During a specific sampling process, NCRW only needs to find the node clique of the
currently sampled node, instead of finding all the node cliques of the nodes of a graph to reduce
sampling costs. While NCRW incurs some cost for finding the node cliques for the sampled
nodes on estimating the basic node attributes, this cost is more than compensated by the
much smaller costs taken by NCRW on estimating the higher-order attributes. Furthermore,
NCRW cuts down the sampling costs of estimating the node basic attributes because of a
much smaller number of sampling steps required to produce high-quality samples than that
of the other random-walk-based sampling methods.

In designing and analyzing NCRW, this paper makes the following contributions.

1 To the best of our knowledge, NCRW is the first scheme to explicitly increase the sample
quality by simultaneously reducing the repeats and correlations among samples and the
deviation from the desired node distribution. Node samples obtained by NCRW keep the
diversity of the original graph.

2 The NCRW design rethinks the way the walker traverses a large graph to cut down the
chances of the sampling process being trapped in cliques (described in detail in Sect.
3). For a prescribed sampling budget, theoretical analysis of NCRW ensures that it can
increase the quality of samples, resulting in low sampling costs in terms of network
communications, computation time and query costs and high estimation efficiency.

3 Under the constraint of the limited sampling budget, NCRWis able to reduce the sampling
probabilities of the nodes with higher degrees while increasing those for the nodes with
lower degrees, which helps significantly reduce the estimation errors and alleviate the
constraints of the stationary distribution to some extent. Therefore, NCRW can estimate
the distribution of key features accurately.

4 Experimental results driven by real-world graph datasets show that NCRW increases the
quality of samples, with almost no repeats, fewer correlations among the samples and
smaller deviation from the desired node distribution, compared with the existing random-
walk-based sampling schemes. Thus, the estimations based on the samples produced
by NCRW have higher accuracy with lower sampling cost than those on the samples
produced by the existing random-walk-based schemes especially in estimating the higher-
order attributes.

The rest of the paper is organized as follows. Section 2 describes background and moti-
vation, which introduce the related work and further motivate the NCRW research. Section 3
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Table 1 The notations used in this paper

G = (V , E) An undirected graph without self-loops

V Node set in G

E Edge set in G

N (μ) Set of neighbors of the node μ

deg(μ) Degree of the node μ

Gc = (NC, Ec) Graph Gg in terms of node cliques

NC Node cliques associated with the node set V

Ec Set of edges between node cliques

subG(μ) The subgraph related to μ

NC(μ) μ′s node clique
Nei(NC(μ)) Set of neighboring nodes of NC(μ)

S Sample set of G

t Number of sampling steps of a single-run simulation

n Simulation runs

T Total number of sampling steps (T = n × t)

introduces and analyzes the NCRW scheme. Evaluation results from experiments conducted
on an NCRW prototype driven by a variety of graph datasets are presented in Sect. 4. Section
5 concludes our work.

2 Background andmotivation

In this section, we describe and analyze the process of simple random walk (SRW) and its
variations, which are most relevant to NCRW, to uncover reasons why they fail to produce
high-quality samples. Furthermore,we describe the notion and importance of the desired node
distribution and explain why samples with repeats and correlations increase the deviation
between the measured node distribution and the desired node distribution. The observations
and insight from this analysis motivate us to propose the NCRW scheme. A list of notations
used in the rest of the paper is given in Table 1.

2.1 Existing samplingmethodsmost relevant to NCRW

2.1.1 Simple randomwalk (SRW)

SRW first initializes a node randomly and then continues to select the next sample randomly
from the neighbors of the current sampling node until the sampling budget (i.e., the number
of the samples obtained or the number of the sampling steps required) is met. The transition
probability from the current sampling node μ to the next sampling node ν is defined as

PSRW
(μ,ν) =

{
1

deg(μ)
i f ν is the neighbor of μ,

0 otherwise.
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(a) SRW (b) NBRW

Fig. 1 The ratio of repetitive samples over the four datasets with SRW and NBRW, respectively. The number
of the samples (labeled as # of Samples) is used as the sampling budget.

where deg (μ) is the node degree of μ. SRW’s sampling procedure can be considered as a
Markov chain-based process. Because of the nature of reversibility of the Markov chain, the
sampling process can backtrack to the already sampled nodes, resulting in repetitive samples.
RRS= (B−U )

B × 100 is used to express the ratio of repetitive samples, where B is the total
number of samples andU is the number of unique samples among B. Clearly, the higher the
RRS value, the lower quality of obtained samples is because less useful information can be
derived from the limited number of samples.

2.1.2 Non-backtracking randomwalk (NBRW)

Lee et al. [20] and circulated neighbors random walk (CNRW) [51] use the strategy of
avoiding backtracking to the previously sampled nodes or the previously sampled paths.
However, this strategy is limited to the narrowing sampling space for each step, which is
formed of the very finite neighbors of the currently sampling node. When these neighbors
have already been sampled, it is unavoidable to reselect from the sampled nodes or even re-
initialize the sampling process. Take NBRW for example, Fig. 1 shows that SRW produces
a ratio of repetitive samples between 16 and 36% while NBRW outputs that of repetitive
samples ranging from 16 to 30% over the four datasets described in Sect. 4. Though NBRW
employs the strategy of non-backtracking to the previous sampled nodes, it still generates
significant numbers of repetitive samples. Therefore, the strategy of non-backtracking to the
just previously sampled nodes alone will not be sufficiently effective.

Furthermore, the key step of SRW is to select the next sample randomly from the neighbors
of the currently sampling node. Suppose that nodeμ is the current residing state of the walker
and μ′s entire set of neighbors labeled as N (μ) = {μ1, μ2, ..., μd} denotes the walker’s
moving state where d is the number of the items in N (μ). NC (μ) = {μ,μ1, μ2, ..., μc}
denotes the μ’s clique where c + 1 is the total number of items in NC (μ), the nodes in
which are completely connected. When the next sample (ν) is selected from N (μ) randomly,
it belongs toNC (μ)with the probability p = c

d . If c is sufficiently large, the twoconsecutively
produced samples may be correlated as they have many common neighbors. In this paper,
to measure the correlation among samples, if the node clique of the newly sampled node is
different from the node cliques of the previously sampled nodes, the former is considered
to have no correlations with the previously sampled nodes. RCS= (B−C)

B × 100, called the
correlation ratio, is used to quantify the percentage of correlated samples, where C is the
number of the samples with no correlations among B.
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(a) SRW (b) SkipRW

Fig. 2 The correlation ratios of samples over the four datasets with SRW and SkipRW, respectively, as a
function of the number of the samples (# of Samples).

2.1.3 Skipping randomwalk (SkipRW)

Xu et al. [41] is proposed to reduce the correlations among the samples bymeans of bypassing
some nodes without sampling according to a prescribed probability p. Though the walker
of SkipRW traverses a large graph from one node to one of its neighbors, the same as that
of SRW, SkipRW deviates from SRW in how samples are produced. Specifically, if SkipRW
is currently residing in node μ (i.e., residing state being μ), μ is output as a sample with
the probability pSkipRW. Thus, SkipRW reduces the chances of the consecutively produced
samples belonging to the same clique. However, because it cannot reduce the chances of the
walker backtracking to the cliques, it does not fundamentally reduce the correlations among
the samples. Furthermore, if SkipRW is required to produce the same number of samples
as SRW does, the sampling steps taken by SkipRW will be much more than that by SRW.
A lower value of pSkipRW implies a larger number of sampling steps. Figure 2 shows that
SkipRW produces a large fraction of samples with correlations, ranging from 15 to 51%,
over the four datasets when pSkipRW = 0.5 meaning the number of the sampling steps are
almost twice of that of SRW, which produces the ratio of correlated samples ranging from 19
to 62%. Thus, SkipRW does not reduce the high correlations among the samples effectively
while requiring larger number of sampling steps to produce the same number of samples as
that of SRW.

2.2 The desired node distribution

We use G = (V , E) to represent an undirected graph without self-loops where V denotes
the set of nodes and E the set of edges between nodes. The ground-truth characteristics of
the graph are derived as follows:

Estimatorπuniform ( f ) =
∑
μ∈V

f (μ)

|V | , (1)

where πuniform = 1
|V | denotes the uniform node distribution and f : V → R is a mapping

function from any attribute of the nodes to a real value set R. For example, suppose f is used
to characterize the degrees of the nodes, f (deg(μ) = d) = 1 (d = 1, 2, .., |V | − 1) denotes

μ′s degree is d . Otherwise, f (deg(μ) = d) = 0. Then,
∑

μ∈V f (deg(μ)=d)

|V | denotes the degree
distribution of the graph G.

Let S denote the set of node samples. Since the samples in S are biased as they are not
sampled in the equal sampling probability, existing random-walk-based sampling methods

123



L. Zhang et al.

usually use the following estimator to weight the samples differently as a remedy to estimate
properties of a graph accurately.

Estimator( f ) =
∑

μ∈S f (μ)w(μ)∑
μ∈S w(μ)

, (2)

where w(μ) = πuniform
πdesired

and πdesired is the desired node distribution which describes the
desired probability of each node of the graph sampled by a random-walk-based scheme. The
measured node distribution obtained by a sampling scheme reflects the practical probability
of each node sampled by the method. It can be derived from the relative representation of
each sampled node among all samples, i.e., the actual number of times a node is sampled
(repeats) divided by the total number of samples produced. The estimator is unbiased when
the measured node distribution is equal to the desired one [13], [24].

Specifically, most existing random-walk-based sampling schemes employ the stationary
distribution of the SRW process as the desired node distribution to rectify the biases of
the node samples [34], [20], [51]. If SRW’s process reaches the stationary distribution, the
sampling probability of the node μ converges to a fixed value: πμ

SRW = deg(μ)
2∗|E | [28]. In fact,

since it is impossible for practical random-walk-based schemes to produce an infinite number
of samples, and meanwhile it is always impractical to learn the exact number of sampling
steps required to reach the desired node distribution for a large graph as explained in [9],
[4], [7], the measured node distribution is often deviated from the desired node distribution.
Instead, these schemes usually produce a pre-defined number of samples (i.e., |S|) [4], [29].
Consequently, there is a potential estimated error causedby the distance between themeasured
and the desired node distributions. This distance, denoted by (M-D)-distance, is evaluated as
follows:

(M-D) − distance

=
∑
μ∈S

|num(μ)

|S| − deg(μ)

2|E | | +
∑

μ/∈S,μ∈V

deg(μ)

2|E | ,
(3)

where num(μ) denotes the number of times μ appears in S. A smaller (M-D)-distance
means that the measured node distribution is closer to the desired distribution and the errors
of characterizing the node attributes estimated by the estimator described in Eq. (2) are
smaller. For a fixed number of samples, Eq. (3) suggests that when the stationary distribution
of SRW is considered as the desired node distribution, the samples with many repeats and
high correlations increase the value of (M-D)-distance, as explained below.

1 The repetitive samples increase the value of (M-D)-distance by the large number of the
nodes in the set {V − S = (μ ∈ V , μ /∈ S)}.

2 The samples with high correlations (i.e., many common neighbors) tend to have their
degrees cluttered in a small region, resulting in a severely skewednodedegree distribution.
This implies that the nodes in S just reflect only a small parts of the different attributes in
a large graph. In other words, this imbalance among the samples with different attributes
(degrees) leads to a large deviation from the desired node distribution.

2.3 Related work

Besides the studies mentioned above, there are many other works focusing on sampling
schemes for estimating the properties of large graphs. According to the estimation goals, the
sampling schemes can be divided into three groups.The first focus on estimating a large graph
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from the perspective of the nodes. Zhong et al. [50], Stutzbach et al. [36], Ribeiro et al. [34]
and [35], Gjoka et al. [12], Murai et al. [32] and Kutzkov et al. [19] propose various schemes
to uncover the properties of the nodes, such as the degree distribution and the local cluster
coefficient. Wang et al. [39] propose to uncover the nodes with large degrees. The second are
designed to estimate the large graph from the perspective of the graphlets (small connected
graphs formed by a given number of nodes). For example, Bhuiyan MA et al. [3], Chen et
al. [6], and Wang et al. [37] develop schemes that focus on uncovering the distributions of
the characteristics of the relationships among users (graphlets) for online social networks.
As another example, Madhav Jha et al. [14], Jowhari et al. [15], Lim et al. [27], Lorenzo De
Stefani et al. [11], Wang et al. [38], K. Ahmed [1] propose schemes that focus on counting
the triangles (special graphlets) in the graph streams. The third are to uncover the properties
of a large graph from the perspective of the content (i.e., music, books or videos stored by
users in online social network), for example, the distributions of the contents (i.e., the videos)
preserved in the large graphs [40], [44].

Since there are various properties in a large graph, it is infeasible to estimate all the
characteristics of a large graph accurately by just using a single method. Kurant et al. [17]
show that different estimation metrics may need different sampling schemes. This paper falls
into the scope of the first group, i.e., discovering the properties of a large graph from the
perspective of the nodes. Existing random-walk-based sampling methods in this space are
required to reach their respective stationary distributions to reduce the estimation errors. Since
the transition matrixes of many large graphs are unknown, Mislove et al. [30] and Mohaisen
et al. [31] show that it is a mystery in many large graphs to know how many sampling steps
are required to reach the stationary distribution. Although Zhou et al. [52] propose a method
to cut down the required number of sampling steps by constructing a loosely connected
graph, which results in additional cost, the specific number of the required sampling steps
is unknown. The existing random-walk-based methods resort to setting an arbitrary value as
the number of sampling steps, or budget, during a single-run simulation, resulting in huge
sampling costs or estimation errors. In contrast to the existing random-walk-based sampling
methods, this paper is designed to reduce the estimation errors by improving the quality of
the samples while setting a small sampling budget to alleviate the constraints of the stationary
distribution.

2.4 Motivation

As analyzed above, the walkers of existing random-walk-based schemes tend to backtrack
to local and small subgraphs with relatively high probabilities, generating samples with
many repeats and correlations and increasing deviation from the desired node distribution.
Thus, under the constraint of a limited number of steps, these low-quality samples lead to
large estimation errors. On the other hand, for the same sampling budget, a commonly-used
strategy for existing random-walk-based schemes is to run the sampling procedures for many
times to reduce the chances of the procedures being trapped in the same local and subgraphs.
Therefore, the sampling costs in terms of network communications, computation time and
query costs are increased when the existing random-walk-based methods are used to analyze
the online networks. These problems of the existing schemes motivate us to propose a new
sampling scheme, called node-clique random walk or NCRW, elaborated in the next section.
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3 Design and analysis of NCRW

In this section, we first introduce the NCRW scheme with a formal description. Furthermore,
we analyze and explain its improvements over the existing node-centric random-walk-based
schemes given a pre-defined number of sampling steps.

3.1 Sampling scheme

To improve the quality of the samples, we redefine the states of the walker by leveraging
the structures of node cliques as defined in Sect. 1, to reduce the chances of the walker
backtracking to the cliques. Each node in the graph G is associated with a unique node
clique, which can be ensured by the method of finding the node clique (described later).
Notice that if there are many cliques related to a node, which have the same number of the
nodes, the firstly discovered one is called as its node clique. Hence, a node and its node clique
have a one-to-one relationship. Thus, a graph G based on node set V can be transformed into
a node-clique-based graph Gc defined as follows.

Definition 1 Graph in the form of node cliques. From the perspective of node cliques, G
can be transformed into Gc = (NC, Ec), where NC denotes the set of node cliques and
Ec denotes the set of edges connecting the node cliques. For example, NC1, NC2 are two
neighboring node cliques of Gc, and an edge (NC1,NC2) ∈ Ec means that there exists an
edge (μ, ν) ∈ E , when μ ∈ NC1 and ν ∈ NC2.

In this paper, the node clique-based random walk scheme, namely NCRW, is proposed to
reduce the chances of the process being trapped in small and connected subgraphs represented
by cliques. NCRW selects the next sample from its not-already-sampled neighboring node
cliques. Thus, NCRW produces the samples in the form of node cliques as illustrated in
Fig. 3(a). However, it is necessary to convert the graph from G to Gc in advance to produce
samples in the form of node cliques, incurring huge cost. To avoid this cost, the two states of
NCRW’s walker are redefined to produce samples in the form of nodes directly based on the
one-to-one relationship between the node and its node clique. Specifically, NCRW redefines
the residing and moving states of the walker to be, respectively, the node clique (NC(¯))
of the latest sampled node (μ) and its not-already-sampled neighboring nodes (described
below), denoted as UNei(NC(¯)), which makes it possible to avoid backtracking to the
already-sampled-nodes and enlarge the sample selection space.

Definition 2 Neighboring nodes of the node clique Nei(NC(¯)) are formed by the unique
neighbors of the nodes in the node clique NC(¯), meaning that no matter whether node α

is a neighbor of one or more member nodes in the node clique NC(¯), α appears in the set
Nei(NC(¯)) exactly once.UNei(NC(¯)) is consist of the nodes, which have not been sampled
among the nodes in Nei(NC(¯)).

As illustrated in Fig. 3b, the basic idea of NCRW is to walk randomly from the node
clique of the currently sampled node to one of its neighboring nodes that have not been
sampled. Notice that if all the neighboring nodes of the node clique have been sampled,
the sampling process will be re-initialized. The probability of re-initialization decreases as
the graph size increases. In our experiments, the maximum probability of re-initialization is
0.02% with different sampling budgets across the four datasets. Such a small probability of
re-initialization will arguably not impact the effectiveness of NCRW noticeably as explained
later.
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(a) (b)

Fig. 3 The sampling process of NCRW in two forms when NC(V) and V are the sampled node clique and
node, respectively. While both forms can produce the same sample set, b is more cost-efficient. The node
clique in b labeled as NCi corresponds to Vi , i ∈ {0 ∼ 9}. The grey circles denote the not-already-sampled
neighboring node cliques while the green circles denotes the not-already-sampled neighboring nodes. The red
one in (a) denotes the already-sampled node clique while in (b) denotes the already-sampled node. The values
on the red dashed lines indicate the selection probabilities of the neighboring node cliques or nodes.

During the process of NCRW, it is necessary to find the node clique associated with the
currently selected node to prepare the moving state for the next sampling step. This paper
employs MaxCliqueDyn(V (μ),C(μ)) detailed in Algorithm 1 to find μ′s clique, where
V (μ) andC(μ) denote the node set in subG(μ) and its corresponding color set for subG(μ),
respectively. The color set is determined by the algorithm of graph coloring problem [16].
Based on the above description, a pseudo code of the sampling scheme of NCRW is given in
Algorithm 2, where the function of ’RandomSelect(UNei(NC(μi )))’ is to select the next
sample randomly from UNei(NC(μi )).

Algorithm 1MaxClique
Input: V (μi ) : the node set in the subgraph of μi ; C : the color set of the nodes in V (μi )
Output: Qmax : the maximum clique in SubG(μi );
1: while V (μi ) �= ∅ do
2: select a vertex ν with the maximum color C(ν) from V (μi );
3: V (μi ) ← V (μi ) − ν;
4: if |Q| + C(ν) > |Qmax | then
5: Q ← Q ∪ ν;
6: if V (μi ) ∩ V (ν) �= ∅ then
7: C ′ ← the color set of nodes in V (μi ) ∩ V (ν);
8: MaxClique(V (μi ) ∩ V (ν),C ′);
9: else|Q| > |Qmax |
10: Qmax ← Q;
11: end if
12: Q ← Q − p;
13: else
14: Return;
15: end if
16: end while

Intuitively, on the one hand, NCRW does not backtrack to the visited nodes and then
has the strength of avoiding repetitive samples. On the other hand, for each sampling step,
the sampling space is enlarged that is formed by neighbors of a node clique rather than the
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Algorithm 2 NCRW
Input: t : the given number of sampling steps and μ0 ∈ V ;
Output: S: the sample set;
1: for i ← 0 to t do
2: S[i] ← μi ;
3: V (μi ) ← the node set in subG(μi );
4: C(μi ) ← the color set of the nodes in V (μi );
5: NC(μi ) ← MaxClique(V (μi ),C(μi ));
6: μi .hasSampled ← true;
7: UNei(NC(μi )) ← the neighboring nodes of NC(μi ) without hasSampled = true
8: μi+1 ← RandomSelect(UNei(NC(μi ))) ;
9: end for

neighbors of a single node. Thus, the probability that the next sample is one of the direct
neighbors of the current sample is reduced and the probability of similarity among the two
samples is decreased. Therefore, NCRW has a larger chance to produce diverse samples and
we will give formal analysis in Sect. 3.7.

3.2 Sampling costs

Sampling costs is measured from the following three angles when NCRW is used to estimate
a property of a large graph.

1 Network communications are measured by the number of the total volumes of the data
during the whole sampling process to be dealt with when NCRW is used to crawl the
data from online networks. Assume that the cost of adding or obtaining a signal and
obtaining a specific node from any graph (i.e., online social network) is set as O(1).
To produce a sample, NCRW needs to collect the neighbors of the nodes in the node
clique of the currently sampled node with the signals to indicate whether the nodes are
already sampled. Thus, for one step of sampling, the cost (labeled as Number(oneStep))
for estimating the basic node attributes is the same as that for estimatingμ′s higher-order
attributes.

Number(oneStep) = deg(μ) +
∑

ν∈N (μ)

deg(ν). (4)

2 Computation time is mainly spent on obtaining the node cliques during the sampling
procedures. To produce a sample set S, the total time of finding the node clique is∑

μ∈S O(deg(μ) × deg(μ)), where O(deg(μ) × deg(μ)) is the time complexity for
learning a higher-order node attribute, including the node clique showed in Algorithm 1.
Therefore, the time complexity for Algorithm 2 is

∑
μ∈S O(deg(μ) × deg(μ)).

3 Query costs aremeasured by the number of queries from the interfaces of online networks.
For one-step sampling, the query cost (Query(oneStep)) for NCRW to produce a sample
(μ) is given as follows.

Query(oneStep) = 1 + deg(μ). (5)

NCRWneeds to consumememory to preserve the samples which have already been sampled.
The total volumes of thememory overheads can be labeled as O(|S|). In this paper, wemainly
focus on the sampling costs in terms of communication networks, computation time and query
costs which are the dominant factor affecting NCRW’s effectiveness, making the memory
cost a negligible sampling cots.
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3.3 Analysis

3.4 A formal description of NCRW

In essence, NCRW leverages node cliques to construct a higher-order Markov Chain by
remembering already sampled nodes. For a pre-defined number of sampling steps t , the
process of NCRW can be described as the t − th-order Markov model as

P(Xn = sn |Xn−1 = sn−1, ..., X1 = s1)

= P(Xn = sn |Xn−1 = sn−1, ..., Xn−t = sn−t ),
(6)

where i (1 ≤ i ≤ t) is the order of the samples, Xi is the state of the Markov Chain,
and si denotes the sampled node. Based on the sampling process of NCRW, the transition
probability PNCRW

(μ,ν) from μ to ν is described as

PNCRW
(μ,ν) =

{
1

|UNei(NC(μ))| ν ∈ UNei(NC(μ)),

0 ν /∈ UNei(NC(μ)).
(7)

3.5 Initialization

NCRW follows the basic idea of the initialization process of the existing random-walk-based
sampling schemes, that is, the veryfirst sample node is selected uniformly from the graph.Any
node (μ) of a graph can be selected as the first sample node with the sampling probability
p(μ) = 1

|V | . Suppose ν is a node in the set of not-already-sampled neighboring nodes
(UNei(NC(μ))) of node clique NC(μ), the transition probability from μ to ν consists of two
parts. Thefirst is thatμ is selected as the initial samplewhile the second is thatμ is not selected
as the initialized sample. Thus, PNCRW

(μ,ν) = 1
|UNei(NC(μ))| × 1

|V | + 1
|UNei(NC(μ))| × |V |−1

|V | , μ ∈
UNei(NC(ν)). Thus, we have PNCRW

(μ,ν) = 1
|UNei (NC(μ))|. Therefore, the randomness in

initialization and a small probability of re-initialization does not affect NCRW’s process
fundamentally [2].

3.6 NCRW’s desired node distribution

Nomatterwhether the stationary distribution of the higher-orderMarkov chain constructed by
the NCRW sampling process exist [8], [25], the goal of NCRW is to approximate SRW’s sta-
tionary distribution given a very limited number of sampling steps. To estimate the properties
accurately by using Eq. (2), random-walk-based sampling schemes, including NCRW, con-
sider SRW’s stationary distribution as their respective desired node distributions. Because
NCRW produces samples with no repeat and much fewer correlations (explained below),
NCRW is able to reduce the deviation from the desired node distribution.

As explained in Sec. 2, the random-walk-based sampling methods, including NCRW,
employ a pre-defined and limited number of sampling steps or samples (i.e., |S| << |V |) to
produce samples and control the sampling costs. This paper attempts to reduce the estimated
errors from the ground-truth values with the limited number of sampling steps by using the
estimator in Eq. (2). The following descriptions are to discuss the factors affecting the errors
and efficiencies of the estimations.

Let EstimatorNCRW(f) denote the estimation value usingEq. (2)with the samples produced
by NCRW. Estimatorßuniform (f) denotes the ground-truth value. The mapping function f is
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used to judge whether one node own the metric to be estimated or not. If the node indeed
own the metric, f (μ) = 1. Otherwise, f (μ) = 0. Then, the distance among the estimated
value and the ground-truth value, which determines the estimation errors as shown in Eq.
(16), is given as:

|Estimator( f ) − Estimatorπuniform ( f )|

= |
∑

μ∈S f (μ) 1
deg(μ)∑

μ∈S 1
deg(μ)

−
∑

μ∈V f (μ)

|V | | (8)

There are two cases for the distance:

1 Estimator( f ) > Estimatorπuniform ( f ). In this case, the largest estimated error Err (1)
max can

be expressed as follows, where dmax denotes the maximum degree of the nodes in S, dmin

the minimum degree and k is the maximum value in V with the function f . Because
there is no repetitive samples in S, k is also the maximum value in S with the function f .

Err (1)
max ≤

(
k × 1

dmin

|S|
dmax

− k

|V |

)
≥ 0 (9)

Thus, we have the following relationship:

|S| ≤ |V | × dmax

dmin
(10)

2 Estimator(f) < Estimatorßuniform (f). In this case, the largest estimated error Err (2)
max can

be expressed as follows.

Err (2)
max ≤

(
k

|V | −
1

dmax

|S|
dmin

)
≥ 0 (11)

Thus, we have the following relationship:

|S| ≥ |V | × dmin

dmax × k
(12)

Thus, there are two angles to improve the accuracy of the estimations for a limited sampling
budget.

(1) Reducing the estimation errors. It is a natural way to reduce the estimated errors
by minimizing the values of Err (2)

max and Err (2)
max . With a limited sampling budget (i.e.,

|V |×dmin
dmax×k ≤ |S| << |V |), Eqs. (9) and (11) show that the estimated errors can be cut down by
reducing the sampling probabilities of the nodes with large degrees but increasing the values
of the nodes with small degrees.

(2) Improving the estimation efficiencies. If one property has differentmetrics, for exam-
ple, the degrees of nodes in a graph have many different values, the value of f (μ), μ ∈ S
are required to reflect the different metrics of the property in V to improve the estima-
tion efficiency about the property. When all of the samples in S do not have some metric,∑

μ∈S f (μ) = 0. Thus, the samples are inefficiency in estimating this metric. In other words,
with a limited sampling budget, it is to improve the number of unique samples in S, resulting
in a small deviation from the desired node distribution as showed in Equation (3) (Sect. 2).
The uniqueness is reflected from two angles: The first is that the samples are different from
each other; The second is that the number of correlation samples should be small since the
correlation samples in S may have the same metrics with lack of other metrics of a certain
property.
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Compared with the existing random-walk-based sampling methods, NCRW can obtain
small estimation errors and high estimation efficiencies for its improvements as described
below.

3.7 Improvements over existing random-walk-based schemes

NCRW consumes the sampling steps, or budgets, to produce unique samples, in contrast to
existing random-walk-based schemes that consume a large fraction of the sampling steps to
produce repetitive samples. Nevertheless, non-backtracking alone for existing node-centric
random-walk-based sampling schemes is not enough to improve the quality of the samples
and reduce the distance between the measured and desired node distributions. In addition to
reducing the repeats, NCRW improves over the existing random-walk-based schemes in the
following three important metrics.

First, with a given sampling budget, NCRW reduces the sampling probabilities of the
nodes with large degrees, while increasing the sampling probabilities of the nodes with the
low degrees to reduce estimation errors. Informally, in contrast to SRW, NCRW increases
more ratios of the direct paths to reach the nodes with low degrees than that with high degrees,
where the direct path is defined as the one-step transition of the walker to reach the goal node.
On the whole, the higher sampling probability of the nodes is corresponding to the larger
number of the direct paths from other nodes to itself. For example, from the perspective
of cliques rather than that of the node cliques, suppose μ1 and μ2 share the same clique
while deg(μ1) < deg(μ2). In SRW, μ1 sampling probability is smaller than μ2’s as the
number of μ1’s direct paths is smaller than that of μ2’s. However, in NCRW, NC(μ1) and
NC(μ2) have the same number (Numdirect ) of the direct paths. Thus,

Numdirect−deg(μ1)
deg(μ1)

>

Numdirect−deg(μ2)
deg(μ2)

means that NCRW indeed increases the sampling probability of the nodes
with low degrees while reducing the sampling probability of the nodes with high degrees to
reduce the estimation errors. Formally, suppose pTi j denote the transition probability from
the node i to j while p j denotes the sampling probability of the node j . Thus, p j is given as
follows after T steps.

p j = 1

|V |
∑
i∈V

(pTi j ) (13)

After T steps, the transition probability from i to j is given as,

pTi j =
∑
k∈V

(pik × pki )
T

(14)

Suppose j1 denote the node with high degree while j2 denote the node with the low degree
while NC( j1) and NC( j2) have the same number of neighbors. After T steps, pSRWj1

, pSRWj2
denote the sampling probabilities in the SRW’s process while pNCRW

j1
, pNCRW

j2
denote

the sampling probabilities in the NCRW’s process. Thus, based on Equation (14), we have
pNCRW
j1

= pNCRW
j2

. Besides, because j2 has fewer neighbors than j1, there are many zero

values in the set {p j2k, k ∈ V } and thus pSRWj1
> pSRWj2

. Therefore, compared with SRW,
NCRWincreases relatively j ′2s sampling probabilitywhile reducing j ′1s sampling probability.
Thus, given with a limited sampling budget, NCRW can reduce the estimation errors.

Second, NCRW reduces the chances of producing the consequent samples which are
highly correlated. The correlations between nodesμ and ν are evaluated by Jaccard coefficient
J (μ, ν) [26] as follows.
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J (μ, ν) = |N (μ) ∩ N (ν)|
|N (μ) ∪ N (ν)| (15)

Clearly, for any node pair (μ, ν) of a graph, a larger value of |N (μ) ∩ N (ν)| translates to
a larger value of J (μ, ν). Thus, if μ and ν participate in the same clique, which means that
μ and ν have many common neighbors, J (μ, ν) is significantly larger than that when μ and
ν are not in the same clique. Thus, the correlations among the samples can be reflected by
the number of samples participating in the same cliques.

Since the existing random-walk-based schemes have inherited how a walker traverses
a large graph from SRW, SRW is considered as a baseline scheme for NCRW to analyze
the chances of producing the consequent samples which are highly correlated. During each
sampling step, NCRWhas a much higher probability of selecting the nodes outside the clique
than SRW does, as NCRW has a much larger sampling space by considering the neighboring
nodes of the node clique. Furthermore, even if SRW also avoids backtracking to the already
sampled nodes, the chance of the consecutive samples produced by these schemes is larger
than those produced by NCRW. It is because that SRW selects the next sample just from the
neighbors of the currently sampled node, while NCRW has the chance of selecting the next
sample from the nodes outside the neighbors of the currently sampled node.

3.8 Third, NCRW reduces the sampling cost

A single-run simulation of a random-walk-based sampling scheme is referred to as a sampling
procedure executed for only one time with a pre-defined number of sampling steps. The
single-run simulation is usually simulated for many times to reduce the asymptotic variance
of the estimations. Furthermore, as described in Section 1, the sampling costs can be analyzed
in two cases from the comparisons of the costs of network communications, computation
time and query costs: estimating for node basic attributes and estimating for higher-order
attributes where the cost of finding the node clique is one of the necessary operations.

1 Comparisons of network communications. Let n1 and t1 refer the runs of the single-run
simulation and the number of the sampling steps for NCRW’s single-run simulation,
respectively. Since the neighbors of the neighbors of the sampled nodes is required
for NCRW to produce the next sample, the total volumes of the data to be dealt with
for estimating the basic and the higher-order attributes are overlapping. Therefore the
network communication costs for NCRW to estimate any attribute can be described as∑ j=n1

j=1

∑i=t1
i=1 (deg(μi )+∑

ν∈N (μi )
deg(ν)). Let n2 and t2 refer as the runs of the single-

run simulation and the number of the sampling steps for the existing random-walk-based
schemes, respectively. For these schemes, the total number of the items to be dealt with
to estimate the basic attributes is

∑ j=n2
j=1

∑i=t2
i=1 deg(νi ) while that of estimating the

higher-order attributes is
∑ j=n2

j=1

∑i=t2
i=1 (deg(μi ) + ∑

ν∈N (μi )
deg(ν)).

2 Comparisons of computation time. Since it is required to learn the node cliques during
NCRW’s sampling process, the computation time of estimating the basic node attributes
is overlapping with that of estimating higher-order attributes. They are described as
O(

∑ j=n1
j=1

∑i=t1
i=1 (deg(μi ) × deg(μi )))). On the other hand, for the other random-walk-

based sampling methods, it is enough to learn the neighbors of the sampled nodes to
estimate the basic node attributes. Thus, the computation time for estimating the basic
node attributes is O(

∑ j=n1
j=1 (|S j |) where the time cost of learning the neighbors of one

node is given as O(1). When to estimating the higher-order node attributes, the time
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costs for existing random-walk-based sampling methods is O(
∑ j=n2

j=1

∑i=t2
i=1 (deg(μi )×

deg(μi ))).
3 Comparisons of query costs. Similar to the costs of network communications and com-

putation time, the total query costs of NCRW for the basic attributes are the same as

that for the higher-order attributes is
∑ j=n1

j=1 (S j + ∑i=|S j |
i=1 deg(μi )) because it is nec-

essary to query the neighbors of the neighbors of the currently sampled node to obtain
the next sample; For the existing random-walk-based sampling methods, the total query
costs for the basic attributes are described as O(|S|) while for the higher-order attributes
(
∑ j=n2

j=1 (S j + ∑i=|S j |
i=1 deg(μi ))).

Because the existing random-walk sampling schemes produce samples with many repeats
and high correlations and meanwhile they have higher chances of being trapped in the local
and small subgraphs, they need a larger number of sampling steps during a single-run simu-
lation and lots of times of the single-run simulation to reduce the estimation errors, meaning
that t1 < t2 and n1 < n2. As evaluated in Sect. 4, even if n1 is the one-hundredth of n2,
NCRWstill produces high-quality samples and obtains accurate estimations. Therefore,when
to estimate the higher-order attributes, NCRW has the prominent improvements of reducing
the costs. When to estimate the basic node attributes, NCRW incurs non-negligible cost of
finding the node cliques. However, this cost can be partly made up by the cost of significantly
larger number of steps (n2 × t2 >> n1 × t1) required by the existing random-walk-based
sampling schemes and the higher estimation accuracy.

4 Evaluation

This section presents the evaluation of NCRW through simulation experiments conducted
on a computer with Intel Xeon E5620 processors and 64-bit Ubuntu Linux OS. We choose
five real-world datasets, which are summarized in Table 2 and used frequently in evaluating
sampling schemes in recently published studies. In this paper, we evaluate the sampling
schemes over the datasets by ignoring the directions of edges of the graphs, for ease of
evaluation, though these schemes can be easily employed in the directed graphs. The five
real-world datasets are described as follows.

• Slashdot was the dataset derived from the news website produced by specific user com-
munity, which include 77,360 users and their relevant 905,468 links between users.

• DBLP recorded information of research papers in computer science: if two authors coau-
thored at least one paper, then the two authors are considered as connected. DBLP used
in this paper includes 317,080 nodes and 1,049,866 edges.

• amazon0601was collected fromAmazon as that: if one productwas usually co-purchased
with another product, then there was an edge between the two product. amazon0601 used
in this paper includes 403,394 nodes and 3,387,388 edges.

• Youtube is a social network of video-sharing website. In Youtube, if a user share some
movie with another user, there is an edge between the two users. Youtube used in this
paper contains 1,134,890 users and 2,987,624 edges.

• WikiTalk collects information fromwebsiteWikipedia. Each registered user inWikipedia
has a talk page and the users can edit the information in Wikipedia. If two users edited
a webpage collectively, the two users constructed an edge. WikiTalk used in this paper
includes 2,394,385 nodes and 5,021,410 edges.

We select four existing state-of-the-art sampling schemes as the baseline algorithms
for NCRW’s evaluation, which are SRW, NBRW, CNRW and SkipRW as described in
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Table 2 Summary of Graph
Datasets, where dmax is the value
of the maximum degree in the
graph and dmin is the value of the
minimum degree.

Graph |V | |E | dmax dmin

Slashdot [22] 77,360 905,468 2539 1

DBLP [42] 317,080 1,049,866 343 1

Amazon0601 [21] 403,394 3,387,388 2752 1

Youtube [42] 1,134,890 2,987,624 28754 1

WikiTalk [42] 2,394,385 5,021,410 100032 1

Sect. 2. SRW, NBRW, CNRW and NCRW take SRW’s stationary distribution πSRW as the
desired node distribution while SkipRW considers p×πSRW as its desired node distribution,
where p=0.5 denotes the probability of skipping the nodes without sampling. The estimator
described in Equation (3) is used to estimate the distributions of the degree and local cluster
coefficient for the purpose of evaluating the five sampling algorithms. For each simulation
experiment, SRW, NBRW, CNRW and SkipRW are simulated for 1000 times, the minimum
number of simulation runs required by these sampling schemes over the four dataset with
given budgets. As the process of NCRW cannot be trapped in small connected subgraphs
and the samples are highly effective in estimating the structural properties of large graphs,
10 times of simulations of NCRW is implemented enough to estimate graphs. Furthermore,
the number of the samples S is in an interval value of |V |×dmin

dmax×k ≤ |S| << |V |.

4.1 Sample quality

4.1.1 Repeats

For a given sampling budget and scheme, the higher the RRS value (the ratio of repetitive
samples as defined in Sect. 2), the lower quality of obtained samples is because less useful
information can be derived from the limited number of unique samples. Measured in RRS,
as a function of sampling budget, Fig. 4 shows that NCRW produces almost no repetitive
samples with its RRS being smaller than 0.01% over Slashdot, DBLP, Youtube andWikiTalk.
The nonzero RRS is caused by the re-initializations during NCRW’s process. In contrast, the
RRS of the four baseline schemes on Slashdot is between 12 and 38% while on DBLP is
between 27 and 40%; furthermore, the ratios of the repetitive samples of the four baseline
methods in Youtube and WikiTalk range from 18 to 30% and from 20 to 35%, respectively.
Despite of the strategy of non-backtracking, neither NBRW nor CNRW can significantly cut
down the repetitive samples because they narrow the sampling spaces without adding new
optional nodes.

4.1.2 Correlations

Besides RRS, the ratio of correlation samples is also used to quantify the quality of the
samples produced by random-walk-based sampling schemes. In this paper, if the cliques the
newly sampled node participating in are different from the cliques the previously sampled
nodes participating in, the former is considered to have no correlations with the previously
sampled nodes when measuring the correlation among samples as explained in Sect. 3. The
ratio of correlation ratio is used to quantify the percentage of correlated samples, where C
is the sample set with no correlations among S. Figure 5 shows that RCS of SRW, NBRW,
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(a) Slashdot (b) DBLP

(c) Youtube (d) WikiTalk

Fig. 4 The ratio of repetitive samples (RRS) of different schemes over Slashdot and DBLP as a function of
the sampling budget (# of samples).

CNRW, and SkipRW ranges from 52 to 67% on DBLP and from 32 to 45% on amazon0601
as a function of sampling budget. In contrast, RCS of NCRW on DBLP is between 35 and
38% and that on amazon0601 is between 22 and 24%. Although the number of sampling
steps of SkipRW is twice that of the other four schemes to produce the same number of
samples by a single-run simulation, it still generates samples with many correlations with
its RCS ranging from 32 to 56% over the two datasets. This is because SkipRW does not
change the way the walker traverses the graph from one node to one of its neighboring nodes
fundamentally. Furthermore, we do experiments over the four datasets with the sampling
budget B = 6000 and Fig. 5 shows that NCRW produces much smaller samples than the
other four random-walk sampling methods.

4.1.3 (M-D)-distance

The distance between the measured and desired node distributions is evaluated by Eq. (2)
described in Sect. 2. BecauseNCRW reduces the repeats and correlations among the samples,
Fig. 6 shows that, as a function of sampling budget, NCRWproduces smaller values of (M-D)-
distance than those produced by the other four schemes on DBLP and Youtube. A large value
of (M-D)-distance indicates a large estimated error caused by using the unbiased estimator
as explained in Sect. 2. Figure 6 shows (M-D)-distances over amazon0601 and WikiTalk,
and Fig. 6 shows that the smaller (M-D)-distances will bring in smaller estimation errors.

4.2 Sample estimation quality

In addition to the sample quality with a pre-defined sampling budget, which we evaluated
above, the quality of sample estimation can be quantified by three metrics: (a). The estima-
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(a) DBLP (b) amazon0601

(c) Overall effects

Fig. 5 The ratio of correlation samples of different schemes.

(a) DBLP (b) Youtube

(c) (M-D)-distances of amazon0601 and
WikiTalk

(d) Estimated errors of amazon0601 and
WikiTalk

Fig. 6 The distances between the measured and desired node distributions of different schemes over DBLP
and Youtube as a function of the sampling budget (# of samples).
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tion error; (b). The efficiency of the samples; (c). The sampling cost in terms of network
communications, computation time and query costs.

4.2.1 Estimation errors and efficiencies

To quantitatively describe the estimation errors, we adopt the measure of normalized mean
square error (NMSE) defined below, with which the estimation error is considered acceptable
if the corresponding NMSE value is smaller than one [34].

NMSE(ω̃k) =
√
E[(ω̃k − ωk)2]

ωk
. (16)

where ωk and ω̃k are the true and estimated values, respectively, of a graph characteristic
labeled as k. NMSE ≥ 1 means ω̃k is ineffective in reflecting ωk . The smaller NMSEmeans
the more accurate estimated result. Suppose that a property of a graph has n different values
and the samples produced by a random-walk-based scheme can effectively reflect m among
the n values, then the effective ratio of these sampleswhen used to estimate this graph property
is ERS = m

n × 100. The high accuracy of a typical random-walk-based sampling methods
are reflected from the two angles: small estimation errors and high estimation efficiencies.

Table 3 is an overall descriptions of the three metrics with a given sampling budget on
Youtube. It shows that NCRW has higher quality of samples, lower network communication
costs of estimating on the distributions of the two properties and smaller average estimated
errors than SRW, NBRW, CNRW and SkipRW do when their respectively produced samples
of Youtube are used to estimate the two attributes. Because the number of samples produced
by NCRW is 1

100 of those produced by SRW, the efficiency of NCRW is slightly smaller than
SRW. Furthermore, although the computation time and query costs of NCRW for estimating
the node degree distribution are smaller than that of the other four methods, NCRW incurs
much smaller costs than the other four methods when estimating the local cluster coefficients.
Therefore, although NBRW, CNRW and SkipRW can increase the quality of samples just
fromone aspect,which indeed improve another two aspects superficially, they cannot increase
the efficiency and accuracy of estimations fundamentally.

4.2.2 Estimation errors (NMSE)

From Eq. (16), the smaller value of NMSE means the estimated value is closer to the ground
truth with smaller estimation errors. For a given number of sampling steps (budget), the
accuracy of the estimations on the distributions of degrees and local cluster coefficients is
presented in terms of cumulative distribution function (CDF) of NMSE, which shows the
probability of NMSE being smaller than a particular value between 0 and 1. If a value of
CDF related to some value of NMSE f is equal to t , it means that the ratio of number of the
estimated errors smaller than f in the total number of estimated errors is t . Therefore, with
a given value of NMSE, the larger value of CDF means more properties which are estimated
at smaller estimated errors. Figure 7 shows that, given the same number of sampling steps
(t = 8500) over DBLP and Youtube, NCRW’s CDF, as a function of small NMSE, is larger
than the other four schemes, meaning that the estimations based on samples produced by
NCRW have higher accuracy than those based on the other four schemes.
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Table 3 Estimations on Youtube with the given number of sampling steps (|S| = 8500).

SRW NBRW CNRW SkipRW NCRW

RRS(%) 31.16 28.42 28.53 21.47 0

RCS(%) 34.42 31.85 31.9 26.90 4.42

(M-D)-distance 0.853 0.852 0.850 0.949 0.839

ERS (degree)(%) 88.14 86.1 86.6 74.51 77.81

aveNMSE (degree) 0.56 0.58 0.58 0.63 0.372

ERS (local cluster coefficient)(%) 8.98 7.70 7.92 4.14 8.28

aveNMSE (local cluster coefficient) 0.74 0.73 0.74 0.73 0.47

NormNCost(degree) 4.25 4.69 4.63 4.40 1

NormNCost(local cluster coefficient) 129.60 141.17 166.71 64.06 1

NormTCost(degree) 0.024 0.026 0.031 0.053 1

NormTCost(local cluster coefficient) 109 113 109 111 1

NormQCost(degree) 0.09 0.09 0.09 0.17 1

NormQCost(local cluster coefficient) 434 479 448 457 1

RRS and RCS represent the ratio of repetitive and correlative samples, respectively, while M-D denotes the
distance between the measured and desired distributions. ERS(∗) and aveNMSE(∗) denotes the effective esti-
mations and average NMSE on the properties. NormNCost(∗) denotes the costs of network communications,
NormTCost(∗) denotes the time of computation time when estimating the properties while NormQCost(∗)
denotes the query costs when estimating the properties

(a) Degree of DBLP (b) Local cluster coefficient of DBLP

(c) Degree of Youtube (d) Local cluster coefficient of Youtube

Fig. 7 The CDF of the estimated errors when the five different methods are used to estimate the distributions
of the degree and local cluster coefficient with a give number of the sampling steps over DBLP and Youtube
(S = 8500).
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(a) Efficiency on degrees (b) Accuracy on degrees

(c) Efficiency on local cluster coefficients (d) Accuracy on local cluster coefficients

Fig. 8 The estimation efficiency and accuracy on DBLP about the distributions on degree and local cluster
coefficient with the samples produced by different methods.

4.2.3 Estimation efficiency (ERS)

Figure 8 shows that all the five schemes have very high ERS values on estimating the degree
distribution, particularly with large sampling budgets, indicating that samples produced by
them are effective in estimating degree distributions. Figure 8, on the other hand, shows
that the average estimation errors caused by NCRW are much smaller than those by other
four random-walk-based schemes. Furthermore, Fig. 8 shows that the samples produced by
NCRW are more effective than those by the other four schemes in estimating the distribution
of local cluster coefficient, while Fig. 8 shows much smaller average errors of estimation by
NCRW than those by the other four schemes. Furthermore, Fig. 8 shows the estimated errors
of the four baseline methods are decreased with the increase of the number of samples. This
is because they obtain more low-quality samples in terms of repeats and similarity when the
budgets are larger. These low-quality samples have similar local cluster coefficients which are
short of diverse properties, resulting in low estimated errors. The experimental results confirm
that the quality of samples has very high impact on estimation efficiency and accuracy, the
higher the better.

The costs of network communications are incurred when these sampling schemes are
used to crawl online networks. Such costs aremeasured by the total volumes of data to be dealt
with during the whole sampling process. When these sampling schemes are used to produce
and analyze samples on amazon0601, Fig. 9 shows that NCRW incurs at least 11X and 112X
lower communication cost, respectively, on estimating the distributions of degrees and local
cluster coefficients than the other four sampling schemes. The percentage of NCRW’s costs
divided by the costs of the other random-walk-based sampling scheme is smaller than the
percentage (one-hundredth) of the NCRW’s runs divided by the runs of the other schemes.
This is because that NCRW reduces the sampling probability of the nodeswith higher degrees

123



L. Zhang et al.

(a) Costs for estimating degrees (b) Costs for estimating local cluster coef-
ficients

Fig. 9 The normalized network communication costs of estimating degrees and local cluster coefficients and
on samples of different methods over amazon0601 as a function of the single-run sampling step.

(a) Costs for estimating degrees (b) Costs for estimating local cluster coef-
ficients

Fig. 10 The normalized computation time of estimating degrees and local cluster coefficients and on samples
of different methods over com-DBLP as a function of the single-run sampling step.

which indeed increase the volumes of the data to be transmitted by networks. The estimation
efficiencies and the accuracies for the two attributes on amazon0601 are similar to those
on DBLP shown in Fig. 8. In addition, from Fig. 9, it can be seen that SkipRW incurs the
highest sampling costs on estimating the node degree distribution because it requires almost
twice the sampling steps of SRW, NBRW, CNRW and NCRW to produce the same number
of samples by a single-run simulation.

4.2.4 The costs of computation time

When to estimate the degree distributions, Fig. 10 shows that NCRW consumes a bit more
computation time that the other four schemes because it is required to find the node cliques
of the sampled nodes. However, when to estimate the higher-order node attributes, Fig. 10
shows that NCRW consumes much more smaller (103X on average) smaller computation
time than the other four random-walk-based schemes to estimate the local cluster coefficient.

Query costs are discussed into two parts. The first is to obtain the basic attributes while
the second is to estimate the higher-order attributes. To illustrate the query costs among the
several schemes, the query costs in the two parts are normalized by the same standards. Figure
11 shows that NCRW consumes a bit more (7.21X on average) query costs than the other
four methods when to estimate the degree distributions or finish the sampling process, while
Fig. 11 shows that the other four existing methods consumes much more (728X on average)
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(a) Query costs for degrees (b) Query costs for local cluster coefficients

Fig. 11 The normalized query costs of different methods over Youtube as a function of the single-run sampling
step.

query costs than the other four methods when to estimate the distributions of the local cluster
coefficients.

5 Conclusions

This paper proposes a new random-walk-based sampling scheme called node clique-based
random walk or NCRW, to produce high-quality samples. In particular, NCRW employs
node cliques to construct a higher-order Markov chain model so that the sampling process
has fewer chances of being trapped in small and local subgraphs than existing node-centric
random-walk-based sampling methods. This is a first attempt at improving the quality of
node samples by the means of rethinking and redesigning the way the walker traverses a
large graph. We expect the design of NCRW to shed light on the design of more effective
random-walk-based sampling schemes to substantially improve the quality of samples and
the efficiency of sampling processes.
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